Neckpinch dynamics for asymmetric surfaces 
evolving by mean curvature flow 



Zhou Gang, Dan Knopf, and Israel Michael Sigal 

Abstract. We study surfaces evolving by mean curvature flow (mcf). For 
an open set of initial data that are C^-close to round, but without assuming 
rotational symmetry or positive mean curvature, wc show that MCF solutions 
become singular in finite time by forming neckpinches, and we obtain detailed 
asymptotics of that singularity formation. Our results show in a precise way 
that MCF solutions become asymptotically rotationally symmetric near a neck- 
pinch singularity. 
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1. Introduction 

In this paper, we study the motion of cylindrical surfaces under mean curvature 
flow (mcf). Specifically, we investigate the asymptotics of finite-time singularity 
formation for such surfaces, without assuming rotational symmetry or positive mean 
curvature. 

There is a rich literature on mcf singularity formation, one far too vast to 
be fully acknowledged here. Neckpinch singularities for rotationally symmetric 2- 
dimensional surfaces were first observed by Huisken [6]; this was generalized to 
higher dimensions by Simon [8] . Asymptotic properties of a solution approaching a 
singularity were studied by Angenent -Velazquez [3] , who obtained rigorous asymp- 
totics for nongeneric Type-II "degenerate neckpinches," and derived formal matched 
asymptotics for (conjecturally generic) Type-I singularities. Rigorous asymptotics 
for the Type-I case were recently obtained by two of the authors [5]. The corre- 
sponding result for Type-I Ricci flow neckpinches was obtained by Angenent and 
another of the authors [2]. For the Type-II Ricci flow case, see These as- 

ymptotic analyses all use the hypothesis of rotational symmetry in essential ways. 
A different approach is the surgery program of Huisken and Sinestrari [7] , which 
shows that singularities of 2-convex immersions M" C M""''^ with n > 3 are either 
close to round §" components or close to "necklike" x / components; this 

program does not involve asymptotics or require symmetry hypothesis. 

In this paper, we consider the evolution of non-symmetric surfaces embedded 
in M.^. To analyze their singularity formation, we study rescaled solutions defined 
with respect to adaptive blowup variables. We remove the hypothesis of rotational 
symmetry and instead consider initial data in a Sobolev space 77^ (S^ x M.;d9ady) 
(where the weighted measure a ^ \y\^'^ as \y\ — > oo) which are C'^-close to round 
necks and possess weaker symmetries. These assumptions are made precise in 
Section [2j Because we do not allow fully asymmetric initial data, our results do not 
establish uniqueness of the limiting cylinder for general MCF neckpinch singularities 
(a conjecture that we learned of from Klaus Ecker). However, our results do provide 
rigorous evidence in favor of the heuristic expectation that rotational symmetry is 
stable in a suitable (quasi-isometric) sense. 



Note that what we call the "inner region" in this paper is called the "intermediate region" 
in [1] and [2]. 
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Our analysis consists of two largely independent parts, both of which are or- 
ganized as bootstrap machines. The first machine takes as its input certain (weak) 
estimates that follow from our assumptions on the initial data; by parabolic regu- 
larization for quasilinear equations, we may assume that these hold for a sufhciently 
short time interval. These estimates are detailed in Section |4l The output of the 
machine consists of improved a priori estimates for the same time interval, which 
may then be propagated forward in time. The machine is constructed in Sec- 
tions I3H71 Its construction employs Lyaponuv functionals and Sobolev embedding 
arguments near the center of the neck, where the most critical analysis is needed, 
together with maximum-principle arguments away from the developing singularity. 

The second bootstrap machine takes for its input similar (weak) conditions 
detailed in Section [8l along with the improved a priori estimates output by the 
first machine. It further improves those estimates by showing that for correct 
choices of adaptive scaling parameters, it is possible to decompose a solution into an 
asymptotically dominant profile and a far smaller "remainder" term. The methods 
employed here arc close to those used in [5] , and are collected in Sections ISUTTI 

Connecting the two machines yields a (non-circular) sequence of arguments that 
establishes finite-time extinction of the unrescaled solution, its singular collapse, 
the nature of the singular set, and the solution's asymptotic behavior in a space- 
time neighborhood of the singularity. Thus when combined, these two bootstrap 
arguments imply our main theorem. We prove this in Section 1121 

As we recall in Section [21 mcf of a normal graph over a 2-dimensional cylinder 
is determined up to tangential diffeomorphisms by a radius function u[x,9,t) > 0. 
The assumptions of the theorem are satisfied by any reflection-symmetric and tt- 
periodic initial surface uq{x,6) = u{x,9,0) that is a sufficiently small perturbation 
of the surfaces studied in [5j. 

Main Theorem. Let u{x,6,t) be a solution of mcf whose initial surface satisfies 
the Main Assumptions stated in Section\^ for sufficiently small < 5o,Co ^ 1. 
Then there exists a time T < oo such that u{x, 6, t) develops a neckpinch singularity 
at time T, with u{0,-,T) = 0. There exist functions X(t), b{t), c(t), and (j){x,9,t) 
such that with y{x,t) :~ \{t)^^x, one has 



The solution is asymptotically rotationally symmetric near the neckpinch singularity 
in the precise sense that, with v{y,9,T) := X(t)~^u{x,9,t), the estimates 



v-^\de<j)\+v-'\dyde(b\+v-^\dl(b\+v-^\d^de<j)\+v-^\dydlcj)\+v-''\dU\^0{b{tf^>^ 




where as t T, 



m 

c{t) 



[l + o{l)]\aVT~t, 

\ + o((- iog(r - i))-^)] (- iog(r - 1))-\ 
1 + [1 + o((- iog(r - 1))"')] {- iog(r - t)r\ 



and 



\c^{y,o.t)\ 

(l + y2)i 



0(&(i)^) and 




0{b{t)^) 



all hold uniformly as t T . 
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2. Basic evolution equations 

In this paper, we study the evolution of graphs over a cyhnder x M embedded 
in R^. In coordinates {x,y,z) for R'^, we take as an initial datum a surface Mq 
around the x-axis, given by a map + = uo{x, 9), where 9 denotes the angle 
from the ray y > in the (y, z)-plane. Then for as long as the flow remains a 
graph, all Mt are given by y'y^+z^ = u{x,9,t). It follows from equations (jA.3[) 
and (jA.4[) . derived in Appendix]^ that u evolves by 

g _ [1 + i^mu + '-±%^d',u - 2 (^-"»f-")^ 9.9,^ - ^ 1 

1 + id^uy- + {^Y u 

with initial condition u[x, 9, 0) = U{)[x, 9). 

Analysis of rotationally symmetric neckpinch formation [5] leads one to expect 
that solutions of (|A.3|) will become singular in finite time, resembling spatially 
homogeneous ode solutions ^2(r — t) in an suitable space-time neighborhood of 
the developing singularity. 

Accordingly, we apply adaptive rescaling, transforming the original space-time 
variables x and t into rescaled blowup variables 

(2.2) y{x,t) := X-\t)[x - xoit)] 
and 

(2.3) T{t) f\-^is)ds, 

Jo 

respectively, where Xo{t) marks the center of the neck. What distinguishes this 
approach from standard parabolic rescaling (see, e.g., [3] or [2]) is that we do not fix 
X{t) but instead consider it as a free parameter to be determined from the evolution 
of u in equation (|2.1|) l^ By [5], one expects that A w VT — t and r w — log(r — i), 
where T > is the singularity time. (We confirm this in Section [T2l below. ) 

Consider a solution u{x,9,t) of (|2.ip with initial condition uo{x,9). We define 
a rescaled radius v{y, 9, r) by 

(2.4) viyix,t),9,Tit)) := X-\t)uix,9,t). 

Then v initially satisfies v{y,9,0) = VQ{y,9), where vo{y,9) := Ag"^wo(Aoy, 0), with 
Ao the initial value of the scaling parameter A. 

In commuting (y, 0, r) variables, the quantity v evolves by 

(2.5) drV = A^v + av — , 
where Ay is the quasilinear elliptic operator 

(2.6) A, := Flip, <l)dy + v-^F2{p, q)dl + y-^F^ip, q)dydg + v'^F^ip, q)dg - aydy 
with w-dependent coefficients defined with respect to 

(2.7) a — A9tA, p :— dyV, and q := v~^dgv, 



For fully general neckpinches, one would also regard xo{t) as a free parameter; below, we 
impose reflection symmetry to fix xo{t) = 0. 
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by 

(2.8) 



1 + p + (7 1 + + 



l+p^ + q'^ 1+p^ + q^ 



In order to state our assumptions precisely, we introduce some further notation. 
We denote the formal solution of the adiabatic approximation to equation p.Sp by 



(2.9) K..(y):=W^+'^' 



1 T 
2 ' ' 



where r and s are positive parameters. We introduce a step function^ 

^x/2 if V<20, 



(2.10) <?(y,s) 
We define a norm j] . \\m.n by 



if > 20. 



We also introduce a Hilbert space = L2(§^ x R; d^trdj/) with norm || • whose 
weighted measure is defined with respect to E ^ 1 (to be fixed below) by 

(2.11) a(y):=(I] + y2)-f. 

Here are our assumptions. We state them for Vo{y,9) — v{y,d,0), but they 
easily translate to mo(x, 6) = u{x, 6, 0) using the relation uo{x, 0) — \qv{X^^x, 9). 

Main Assumptions. There exist small positive constants 60, cg such that: 

[Al] The initial surface is a graph over §^ x M determined by a smooth function 

vo{y, 0) > with the symmetries VQ{y, 6) = vo{—y, 0) = vo{y, + n). 
[A2] The initial surface satisfies vo{y, ■) > g{y, bo). 

[A3] The initial surface is a small deformation of a formal solution Vag^bo in the 
sense that for (m, n) e {(3, 0), (11/10,0), (2,1), (1, 1)}, one has 

">+" I 1 

\\V0 - Vao.boWm.n < bf)'^ . 

[A4] The parameter oq — a(0) obeys the bound jap — 1/2| < cg. 
[A5] The initial surface obeys the further derivative bounds: 

E„^0,2<™+„<3V1W«0|<6g, 

boVo^\dyVo\ + bl\d'yv,\ + Id^vol < bl 
\dydgVo\ +VQ^\dgVo\ < Co. 

[A6] &|||a>o||. + lia^oll. + E„^o,4<™+„<5 \K"dy^d^eVoL < bt- 

Our method works because mcf preserves the symmetries in Assumption [Al] . 



■^One motivation for this choice of g may be found in the resuhs of [5], which prove that 
1) = (1 + 0(1)) \Jl-\- 6(T)y2 as T — 00 for the rotationally symmetric MCF neckpinch. For another 
motivation, see Remark 13. 21 befow. 
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Lemma 2.1. If vq has the symmetries vo{y,9) ~ vo{—y,0) = vo{y,0 + t:), then the 
solution V of equation (|2.5|) shares the same symmetries, v{y,9,T) = v{—y,9,T) = 
v{y, 9 + -K, t), for as long as it remains a graph. 

Proof, li v{y,9,T) solves equation p.5|) . so do v{—y,9,T) and v{y,9 + tt,t). 
Thus the result follows from local well-posedness of the equation. □ 



3. Implied evolution equations 

Recall from equation (|2.5p in Section [2] that drV = A^v + av — , where is 
the quasilinear operator defined in equation (j2.6p . with coefficients Fi introduced 
in definitions p.7p - p.8p . Our goal in this section is to derive evolution equations 
for quantities of the form 

(3.1) z;™,„,fc := v-^d^^dl'v), 

defined with respect to integers m,n > and a real number A: > 0. 
Lemma 3.1. The quantity Vm,n.k evolves by 

(3.2) drV,n,7iM = {Av + {k + l)v^^ - {m + k - l)a} Vjn,n,k + Em,n,k, 

wher^ 

(3.3) i?„,„,fc := -kv-^v^,,,,k{A,v) + [v-''d;;'d^, A,]v ~ v-''[d^d^, v-^]v. 
Proof. Define A^, := Ay + aydy. Expanding 

drVm,n.k = V~'' 8"^ dg (drV) - kv''^ Vm^n.kdrV 

and using equation (|2.5p . one obtains 

drVm,n.k = 8"^ dg {A^v) + aVm,n.k " kv~'^Vm,n.k{AvV) - akVm,n.k + kv~'^V^,n,k 

= {Ay + {k- l){v'^ - a)}v^,n,k + [V'^d'^d^, Ay]v - kv^\,n,n.k{^vv). 
To complete the proof, one calculates that 

[v-'^d^'d^, -aydy] = ~av-\m + kv-^ydyv)d^d'S. 

□ 

A useful feature of the calculation above is its linear reaction term, which 
shows one sense in which the evolution equation for Vm,n,k "improves" as m and k 
increase. More precisely, one has the following, which partly explains our choice of 
step function g in equation p.lOp above. 

Remark 3.2. Suppose < £ < (1 + fc)"^ If a > ^ and v > \J then 

a(l - fc - to) + (A; + l)i)"2 < -^-y^m + (1 + ek), 
which is negative whenever m > 3. If instead one has u > 4, then 

a(l - fc - to) + (fc + l)-t;"2 < ^(to - 1) - ( ^— ^ + —)/(; + —, 

^ 7 -r V T ; _ 2 ^ ^ V 2 ley 16' 

which is negative whenever m + fc > 1 . 



*See I I3.6D -I l3.7ll below for a working decomposition of „ ^ ■ 
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Corollary 3.3. The quantity ^ ^ evolves by 
(3.4) 

where Bm,n.k ■= ^u(i^m,„,fe) - '2vjn,n,kAyVjn,n.k Satisfies 

2 

i'^-^) Bm,n,k > l_^p2 _^ q2 ["m+l,n,fc + ^m,n+l,fe+l] ^ 0- 

Proof. Recall the useful identity vdyV = ^dy{v'^) — {dyV^ . Using this, the 
result follows by Cauchy-Schwarz when one computes that 

Bm^n,k = '2.[Fi{dyV^,n^kf + V^"^ F2{deVm,n.kf + Fz{dyV,n,n.k){deVm.n,k)]- 

□ 

Remark 3.4. Once one has suitable first-order estimates for v., one can bound 
-\- from above, whereupon Bm,n.k contributes valuable higher-order terms 
of the form nk'^'^'m n+i k+i) ^'^ ^^'^ cvolution equation satisfied by Vm,n,k- 

In the bootstrapping arguments we make in this paper, wc frequently derive 
estimates for the nonlinear commutators ( "error terms" ) Em.n,k defined in equa- 
tion p.3|) . In so doing, we find it convenient to use the decomposition 

5 

(3.6) Em,n,k = £'m,n,fc,f ; 

where the individual terms Em,n.k,i are defined by 



(3.7) 



Fm,n^kfi 




kv '^Vjn,n,k{AvV + aydyv), 


Fm,n^k^l 


:~ V' 


-''ff^di'{Fidlv) - Fidlv^,n,k. 


Em,n.k.2 


:= V 




Fm,n^k^3 


:= V 


-'^d'y^dl^v-^F^.dydev) - v-^F:,^y^eVr,^. 


Em,n.kA 


:= V 


-''d-^d-^iv-^Fidev) - v-^Fidev^,n,u, 


Em,n^k^d 




V-''dl;'d'g'iv-^)~V-^Vra,n,k- 



In estimating the terms Em,n.k.e, the following simple observation will be used 
many times, often implicitly. We omit its easy proof. 

Lemma 3.5. For any i,j > and £ ~ 1,...,4, there exist constants Ci,j/ such 
that 

\d;d^^Fe{p,q)\<a,,,e 

for all p, q G R. 

We also freely use the following facts, usually without comment. 
Remark 3.6. The quantity Em,n.k.o vanishes whenever k = 0. 
Remark 3.7. The quantity Em,n,k,5 vanishes whenever m + n < 1. 
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4. The first bootstrap machine 

4.1. Input. Here are the conditions that constitute the input to our first boot- 
strap machine, whose structure we describe below. By standard regularity theory 
for quasilinear parabolic equations, if the initial data satisfy the Main Assumptions 
in Section [2] for 6o and cq sufficiently small, then the solution will satisfy the prop- 
erties below up to a short time ti > 0. (Note that to obtain some of the derivative 
bounds below, one uses the general interpolation result. Lemma lB.21 ) 

Some of these properties are global, while others are local in nature. In these 
conditions, and in many of the arguments that follow, we separately treat the inner 
region {Py^ < 20} and the outer region {fiy^ > 20}, both defined with respect to 

(4.1) P{t):^{k + t)-\ 

where k = k(6ojCo) 3> 1. Note that our Main Assumptions imply that slightly 
stronger conditions hold for the inner region. This is unsurprising: it is natural 
to expect that the solution of equation (j2.5|) is sufficiently close in that region to 
the solution Vi ^ of the equation ^ydyV — + = that is an adiabatic 
approximation of (|2.5p there. (Compare [2] and [5].) 

Here are the global conditions!! 

[CO] For T € [0, Ti], the solution has the uniform lower bound v{-, •, t) > k~^. 
[CI] For r G [0,ti], the solution satisfies the first-order estimates 

\dyv\<piv^, \dev\<piv'^, and \ddv\<v. 

[C2] For T e [0,Ti], the solution satisfies the second-order estimates 

\dyv\ < pi, \dydgv\ < ph, \dydev\ < 1, and \d^v\ < ph^. 

[C3] For T e [O.Ti] the solution satisfies the third-order decay estimates 

\dyv\ < P and < pi 

for m + n = 3 with n > 1, as well as the "smallness estimate" that 

{\dlv\ + \dldgv\) + \dydlv\ -f v-^\dlv\ < ipo + £0)^ 

for some £o = eo(^o,co) < 10 
[Ca] For t € [0,ti], the parameter a satisfies^ 

1 1 1 1 
< a < - + K~. 

2 - - 2 

To state the remaining global conditions, we decompose the solution into 9- 
independent and 0-dependent parts ui,W2, respectively, defined by 

1 /-^^ 

(4.2) vi{y,T):=—J v{y,e,T)d0 and V2{y,0,T) := v{y,e,T) - vi{y,T). 

We denote the norm in the Hilbert space introduced in definition (|2.1ip by || • ||cr, 
and the inner product by 

{(p,^)a ■= (fi^jdOady. 



^Notation: In the remainder of this paper, we write if <ip ii there exists a uniform constant 
C > such that < C'lp, and we define (x) := ^1 -|- 

^The smallness estimate will only be used in the proof of Theorem 14. 71 
^Proposition |831 will establish that a is a function of time. 
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Our remaining inputs are: 

[Cs] For T e [0,Ti], one has Sobolev bounds \\v~'^d^^dgv\\a < oo whenever 
4 < TO + n < 7. 

[Cr] There exists < 6 1 such that the scale-invariant bound \v2\ < Svi 

holds everywhere for t <S [0, ti]. 
[Cg] For T € [0,Ti], one has {y)-^\dyv\ < E3/3. 

Remark 4.1. Note that our global gradient Condition [Cg] posits the f3 decay rate 
of the formal solution V{y, r) = -\/2 + /3j/^ but with a large constant E3 ^ 1. The 
effect of our bootstrap argument will be to sharpen that constant. 

Remark 18.11 (below) shows that Condition [Cb] in Section |8j which is directly 
implied by our Main Assumptions, in turn implies that [Cg] holds, along with extra 
properties that are local to the inner region: 

[COi] For r G [0,ri] and /Sy"^ < 20, the quantity V is uniformly bounded from 
above and below, so that for /3y^ < 20, one has bounds 

^V2 = giy,P)<v{y,;-)<Co. 

[Cli] For r S [0,ti] and f3y'^ < 20, the solution satisfies the stronger first-order 
estimates 

\dyv\ < /32-(;2 and \dev\ < n^^v. 

4.2. Output. The output of this machine consists of the following estimates, 
which collectively improve Conditions [C0]-[C3], [Cs], [Cr], [Cg], and [COi]-[Cli]: 

v{y, 9, t) > g{y, ^), u = 0{{y)) as \y\ -> oo; 
v~^\dyv\ < j3^ , \dyv\<l, v~'^\dgv\ < (3^ , u~"^|3ew| < 
(3\dlv\+v-^dydev\+v-^\dlv\<p'^o- 
\dydev\+v-^\dlv\<{Pa+ea)^o- 
I3^\dlv\+v-^\dldev\ + v-'^\dydlv\ + v~'^\dlv\ < p^- 

{\dlv\ + \dldev\) + \dydlv\+v-^\dlv\ < {Po + eo)^o. 

Here, /3o = /3(0) and Eq are independent of ti. So these improvements will allow us 
to propagate the assumptions above forward in time. (See Section [T2] below.) 

4.3. Structure. Here is how we establish these stronger estimates. 

We first derive improved estimates for v and its first derivatives in the outer 
region, using our Main Assumptions and their implications [Ca] and [C0]-[C2] for v 
and its first and second derivatives, and using the stronger estimates [COi]-[Cli] that 
hold on the boundary circles /3y^ = 20. The reason why second-order conditions are 
needed to prove improved first-order estimates is that the nonlinear terms in the 
evolution equation for D^v (a spatial derivative of total order N) will in general 
contain derivatives of order + 1. This occurs because first derivatives of v appear 
in the quasilinear operator that controls the evolution equations studied here. 
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Theorem 4.2. Suppose a solution v = v{y, 6, r) of equation (|2.5p satisfies Assump- 
tion [Al] atr ^ 0, and Conditions [Ca] and [C0]-[C2] for Py'^ > 20 and t € [0, n]. 
// Conditions [COi]~[Cli] hold on the boundary of this region for r G [0, ti] , then 
for the same time interval, the solution satisfies the following estimates throughout 
the outer region {/Sy^ > 20}; 



(4.3) «(2/,-,-)>4, 

(4.4) \dyv\<l3h^, 

(4.5) \dyv\ < 1, 

(4.6) \dev\ < CoK-^h, 



where Cq depends only on the initial data and not on ti. 

Note that estimate (|4.5p provides C such that < C in the outer region for 
T g [0,Ti]. By Condition [COi], one has w(±-\/20/3~^) < for some c > 0. Hence 
by quadrature, one obtains the immediate corollary that 

(4.7) v = 0{(y)) as |y| ^ oo. 

Theorem 14.21 is proved in Section \E\ 

In the second step, we derive estimates for second and third derivatives of v. It 
is reasonable to expect that one could bound second derivatives without assump- 
tions on third derivatives, thus allowing us to "close the loop" at two derivatives in 
our bootstrap arguments. A reason for this expectation is that once one has suit- 
able estimates on first derivatives, one can show that higher-order derivatives occur 
in combinations cj) ■ {D^~^^v) — ip ■ (D^^^v)'^, where ^ V. Indeed, Theorem 14.21 
suffices to bound the quantity ip > from below. This expectation is correct in the 
outer region, where one can obtain the needed second-derivative bounds using only 
maximum-principle arguments. But in the inner region, more complicated machin- 
ery is needed. To construct improved second-order estimates there, we introduce 
and bound suitable Lyaponuv functionals and then apply Sobolev embedding the- 
orems. This method requires us to assume (and subsequently improve) pointwise 
bounds on third-order derivatives and bounds on derivatives of orders four and 
five. What makes this method more effective than the maximum principle in the 
inner region is the fact that the Lyaponuv functionals allow integration by parts. 

Remark 4.3. The main reason that integration improves our estimates is the fact 
that for any smooth function / which is orthogonal to constants in L2{{y} x §^), 
our assumption of 7r-periodicity implies that 

/ {deffd9>A[ f^de. 

J{y}xS^ J{.y}xSi 

Remark 4.4. Here is one reason why we need the pointwise estimates on third- 
order derivatives in [C3]. (Another reason will become clear in Section [H) In es- 
timating nonlinear terms in the evolution of the Lyaponuv functionals introduced 
below, one encounters quantities of the sort {D'^ (Fg), {D'^v){D'^ v))^-, where the 
coefficients Fi are given in definition (|2.8p . After integration by parts, one gets, 
schematically, {D^-'^{Ft),{D^v){D^ v) + {D'^v){D^+'^v))„. Such terms are com- 
parable to {D^{v),{D^v){D^v) + {D^v){D^+'^v))„. So we need L°° control on 
third derivatives in order to impose only assumptions on higher derivatives. 
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In Section [631 we prove the following result. 

Theorem 4.5. Suppose that a solution v ~ v{y, 9, r) of equation (|2.5|) satisfies 
Assumption [Al] at t — 0, and Conditions [Ca], [C0]~[C3], [Cs], [Cr], [Cg], and 
[COi]-[Cli] for r € [0,ti]. Then for the same time interval, the solution satisfies 
the following pointwise bounds throughout the inner region {Py^ < 20}; 

(4.8) P\dlv\ + v-^\dydev\ + v-^\dlv\ < /3i 
and 

(4.9) p-^\d^v\ + v-'\dldev\ + v~^\dyd^gv\ + v-^\dlv\ < 

The fact that we do not achieve the expected decay on the RHS of es- 
timates (|4.8p - (|4.9p is due to our use of Sobolev embedding with respect to the 
weighed measure introduced in equation (|2.11[) . 

Then using Theorem 23] to ensure that they hold on the boundary of the inner 
region, we extend its estimates to the outer region. 

Theorem 4.6. Suppose that a solution v = v{y, 6, r) of equation (|2.5p satisfies 
Assumption [Al] at t = 0, and Conditions [Ca] and [C0]-[C3] for jSy^ > 20 and 
T g [0,Ti]. Then the estimates 

(4.10) P\dlv\+v-^\dydev\+v-^\dlv\<P^o 
and 

(4.11) P^dlv\ + v-^\dldev\ + v-'^\dydlv\ + v-^\dlv\ < /3i 

hold throughout the entire outer region {jiy^ > 20} during the same time interval, 
provided that they hold on the boundary = 20. 



As an easy corollary, we apply the interpolation result Lemma IB. 21 to get our 
final first-order estimate claimed in subsection 14.21 namely 



\dev\ ^ 1 \dgV2\ ^ Ci \d^V2 

— :r- < ^ ^ — < -, ^ max 



(1 - (5)2 vf (1 - (5)2 ee[o,27i-] 

(1 — (5)"^ 6ie[o,2ir] z;^ 

Theorem 14.61 is proved in Section [T) 

Finally, we improve the "smallness estimates" in Condition [C3], producing 
improved bounds for \dydgv\ and v~^\dgv\; these serve as inputs to the second 
bootstrap machine constructed in Section [5] below. 

Theorem 4.7. Suppose that a solution v ~ v{'y,9,T) of equation (|2.5p satisfies 
Assumption [Al] at t = 0. and Conditions [Ca], [C0]-[C3], [Cs], [Cr], [Cg], and 
[COi]-[Cli] for t G [0,ti]. Then for the same time interval, the solution satisfies 

[{d^vf + (dldgvf] + {dydlvf + v-\dlvf < {l3o + so)*. 

As an easy corollary, we apply Lemma IB. 21 to get our final second-order esti- 
mates claimed in subsection 14. 2 1 namely 

\dydev\+v-'\dlv\<il3o+so)^. 
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Theorem 14.71 is proved in Section 17.31 Its proof completes our construction of 
the first bootstrap machine. 



In this section, wc prove the estimates that constitute Theorem 14.21 Our ar- 
guments use a version of the parabohc maximum principle adapted to noncompact 
domains, which we state as Proposition lC.il and prove in Appendix [Cl 

We start with a simple observation illustrating how one applies Proposition lC.il 
to control inf v for large \y\. 

Lemma 5.1. If there exist constants e > and c > suPq<^<^^ a^^/^, and a contin- 
uous function 6(t) > such that (a) vo{y, ■) > c for \y\ > 6(0), (b) w(±6(r), ■, r) > c 
for < T < Ti, and (c) «(•, -^t) > e for \y\ > b{T) and < r < ti, then 



for \y\ > 6(t), 0<9<2tt, anrf < t < n. 

Proof. Apply the maximum principle in the form of Proposition IC . 1 1 to c — v 
in the region ft := {\y\ > 6(t)}, with D := dr — Ay — B and B :— a + (cv)^^ . By 
(c), B is bounded from above. Computing D{c — v) = c^^(l — ac^) < establishes 
property (i). Hypotheses (a) and (b) ensure that property (ii) is satisfied. Property 
(ill) follows from Conditions [COi] and [CI] by quadrature. Hence Proposition lC.il 
implies that v > c. □ 

We now establish the estimates that constitute Theorem 14.21 

Proof of estimate (|4.3p . Wc applv Lemma lOl in the outer region Bv'^ > 20. 
Let e = K^^, c = 4 (large enough by Condition [Ca]), and &(t) = ^20/3(r)^i. Then 
Assumption [A2] implies property (a); Condition [COi] gives (b); and [CO] yields (c). 
Thus Lemma l5. II implies the estimate. □ 

Proof of estimate (|4.4j) . Set w Wi.o,i = v^^dyV, using definition (|3.ip . 
Then by equation (|3.4p in Lemma I3TT1 one has 



where the nonlinear commutator terms E-^^ q i ^ are defined in equation (j3.6|) and 
display ((221). 

We now calculate and estimate the nonlinear terms above. Observe, for exam- 
ple, that 



5. Estimates of first-order derivatives 



v{y,0,T) > c 



4 




V--2dy{Fldlv) ~ Fld^iv-^dyV) 
{dyF,) [V-Hdlv)] +Fl \\v-hdlv){dyV) - \v-HdyVf 




dyFi = {dpFi){d^v) + {dgFi)[v-^dydev - v-\dyv){dev)]. 



'Recall from definition 112.71 1 ttiat p = dyV and q = v ^dgv. 
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By Lemma [331 there are miiform bounds g)| < Cij^i. Applying this 

fact (which we freely use below without comment) one establishes by similar direct 
computations that 



■^i,o,i,ol 


< 


V ^^\dyv\\\dlv\^ V '^\djv\+v ^\dydev\+v ^9 


M] 




■^i,o,i,il 


< 


+ v~i\dyv\\dyv\ ^- v~i\dyv\^] 






-^1,0,1,2! 


< 


[v-i\dlv\ + v-i{\dyv\\dlv\ + \dydev\\dov\) + v~ 




v\\dev\'] 


■^l,0,i,3l 


< 


[v-i\dlv\\dydBv\ +v-'i{\dydev\'^ + \dydev\\dyv\ 
+v-i{\dydev\\dyv\ + \dyv\''\dev\)\ 


+ \d. 


]v\\dev\) 


^l,0,i,4l 


< 


[v-^^lv\\^gv\+v-'^\^yv\\^ev\ + \^y^gv\\^ev\) 




--\dyv\\dev\' 



By Conditions [C1]-[C2], one has \dyv\ < w^/ji, \dev\ < Id^v] < /?!, 

\dydev\ < vpi, \dydgv\ < 1, and \dgv\ < v'^pi. Combining these inequalities 
and using estimate (j4.3p . one readily obtains 

< C/3i|w|. 

By Condition [Ca] and estimate (|4.3p . one has (3w~^ — a)u>^ < —\up in the outer 
region, for n large enough, whereupon completing the square shows that 

Cpi\w\ - < 2C^0. 
8 

Now let r > be a large constant to be chosen below. Using Corollary 13.31 to 
estimate ^1,0, i ^'^'^ ^-Pplyii^g the estimates above, one obtains 

dr{w^ - r/3) < A,{w^ - TP) r/3) + [p + ^/?* - r/3. 

We shall apply Proposition IC.ll By taking k and F large enough, we can ensure 
that 

- r/3) < A,{w^ - r/3) -\{w'' - r/3), 

which is property (i) . Making T larger if necessary, we can by our Main Assumptions 
ensure that vo^ < r/3 at r = 0, whereupon property (11) follows from Condition [Cli] 
on the boundary. Property (ill) is a consequence of Condition [COi] on the boundary 
and Condition [CI] in the outer regon. Hence we have < r/3 in the outer region 
for < T < Ti by the maximum principle. □ 

Proof of estimate (|4.5p . Arguing as in the proof of Corollary [331 one com- 
putes from equation p.4p . equation p.6p . and definition p.7p . that 

4 

dridyv)^ < A,{dyv)^ + iv~\dyv)^ + A{^yv)''Y,EhOfi,e■ 
£=l 

By estimate (|4.4p and the implications of Conditions [C1]-[C2] that \dgv\ < w^/3i, 
\dev\ < V, \dyv\ < /3t, \dydev\ < vf3i, \dydev\ < 1, and \dgv\ < v'^pi, one can 
estimate that |£;i,o,o,i| < /3^, with |£^i,o,o,£| < P'^ for £ = 2,3,4. 



1,0, 
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£^0,1,1, 



Define w := {dyvY + 1- Then by estimate (|4.4p and Young's inequahty, one 

has 

drw < A,{w) + + [{dyvf + 1] 

< A^{w)+CI3iw. 

Let ip{T) solve the ode Lp' = Cfiiip with initial condition Lp{0) — Co, where Cg may 
be chosen by our Main Assumptions so that w < Co at t = 0. Then 

dr{w ~ if) < Ai,(w - (f) + C(3i{w - If). 

Properties (i)-(ii) of Proposition IC.ll are clearly satisfied for this equation, while 
property (ill) follows from estimate ()4.4p . Hence we have w < f hy the maximum 
principle. Because ip is uniformly bounded in time, the lemma follows. □ 

Proof of estimate (|4.6|) . Let w wo,i,i = v^^dev. By Corollarv l3.3[ 
satisfies the differential inequality 

4 

drw^ < Ay{w^) + iv-^w"^ + 2 
We proceed to bound the reaction terms. By Condition [CI], one has 

By Conditions [C1]-[C2], one has |i?o,i,i,o| ^ ■ By direct computation (compare 
estimate (|6.4p below), one has v~^\dgF£\ < pi. Thus one gets |i?o,i,i,i| P'^ a-nd 
1-^0,1,1,^1 < for £ = 2,3,4. By Condition [CI], one has \w\ < 1, and thus 
Bt'uP' < A„(ui^) + C/3^ for some C < oo. 

Now let lp{t) solve If' = C/3^ with Lp{Q) = C*«;^^. By our Main Assumptions, 
w < at r = for C, > sufficiently large and depending only on the initial data. 
Because 

the maximum principle implies that uP' < Lp for as long as the solution exists. □ 

The proof of Theorem 14.21 is now complete. 

6. Decay estimates in the inner region 

In this section, we construct the machinery that will prove Theorem 14.51 
Given integers m, n > 0, we define functionals VLm,n = ^^m, «(''') by 

00 Jo J -00 Jo 

where the notation Vm.n,k appears in equation p.ip . and a = a{y) is defined in 
equation (|2.1ip . By Conditions [C2], [C3], and [Cs], these functionals and their 
r-derivatives are well defined if m + n < 5. 

Our strategy to prove Theorem 14.51 consists of three steps, (i) We bound 
weighted sums of ilm,™ with 2 < m + n < 3. (11) We bound weighted sums of 
^vi,n with 4 < m + n < 5. (ill) We apply Sobolev embedding, using the facts that 
\y\ < /3~5 in the inner region, and that a ^ \y\~^ as |y| — >■ 00. 

A consequence of this strategy is that we only need strong estimates for second- 
order derivatives. It suffices to show that higher derivatives decay at the same 
rates as those of second order, rather than at the faster rates one would expect 
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from parabolic smoothing. This somewhat reduces the work necessary to bound 
derivatives of orders three through five. 

6.1. DifTerential inequalities. We first derive differential inequalities satis- 
fied by the squares of the second-order quantities appearing in Theorem 14.51 To 
avoid later redundancy, these estimates are designed to be useful in both the inner 
and outer regions. They could be obtained using the more general techniques de- 
veloped in Appendix [P] and employed below to bound higher derivatives. We chose 
to derive them explicitly here, both to obtain the sharpest results possible and to 
help the reader by introducing our methods in as transparent a manner as we can. 

Observe that Conditions [COi] and [Cli] imply that inequalities (|4.4|) - (j4.6p of 
Theorem 14.21 hold in the inner region as well as the outer region. Thus we assume 
in this subsection that those inequalities hold globally. 

Lemma 6.1. There exist < e < C < oo such that the quantity \dyv\'^ satisfies 
dr\dlv\' < A,{\dlv\') + Xld^vl' - Y {\dX + v~'\dldev\') 
+ C + /3\d^yv\ + /3^>v~-'\dyd'gv\) , 

where in the inner region {l3y'^ < 20}, 

, 2 

X = 2(v-^-a) and Y> , 

^ ' ~ l+e 

while in the outer region, 

1 3 

X < 2a < — and Y > e. 

- 8 - 4 

Proof. Define w := f 2.0,0 = dyV. Then by equation (|3.4|) and estimate (|3.5p . 
one has 

5 



drw^ < A,{w^) +Xw''^Y {Id^vf + v-^ld^devf) + 2 



w 



where X :— 2{v ^ — a) and Y j^f^^j^- 

The estimates for X in the outer region follow from estimate (|4.3p for v there, 
and Condition [Ca]. 

Although we discarded analogous quantities Bm,n,k in the proof of Theorem l4.21 
we retain them above to help us control third-order derivatives of v. By Corol- 
larv l3.3[ estimate (|4.5p for p = dyV, and estimate (j4.6|) for q = v~^dev, there exists 
e > such that ^2,0,0 > 2£ -I- v~^\dydgv\'^) in the outer region. (Compare 

Remark [331) 



In the inner region, one can do better. Condition [COi] gives uniform bounds 
for V there, whence Condition [Cli] implies that |p| = \dyv\ < /32 and similarly that 
\q\ ~ \v~^dev\ < in the inner region. Hence 



i32,o,o > (yT7 + C^^'l' + "^'l^'^^^l 



in the inner region. 

We next estimate the i?2.o,o.« terms above. By Conditions [C1]-[C2] and esti- 
mate (|4.5p . one has 



(6.2) \dyFe\ = \idpFi){dlv) + {dqFi){v-^ dydev - v-^dyvdev)\ < /3i. 
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Next one calculates that 

dlF, = {dlFt){dlv f + 2{dpdqF,){dlv){v'^dydev - v~^dyvdev) 
+ {dlFi){v-^dydev - v-^dyvdevf + {dpF,){dlv) 

+ {dqFi)[v-^dldgV - 2v-^dydgvdyV ~ V^^d^vdgV + 2v-%dyvfdgv] 

and uses Conditions [C1]-[C2] with inequalities (|4.4p -(|4.5 p from Theorem [42] to 
estimate 

(6.3) Id^Fel </3i + Id^v] + v-^\dldgv\. 

Collecting the estimates above and using Condition [C2] again, one obtains 

|i?2,o,o,i| = \{dlF,){dlv) + 2{dyF,){d'yV)\<(3i +f3ii\dy\\+v-'\dpgv\). 
In similar fashion, one derives 

|i?2,o,o,2| < + l3H\dlv\ + v-'\d^ydgv\) + /3h-^\dyd'gv\ 

and 

1^^2,0,0,31 < +P^dlv\+/3h-'\dpev\. 

Noting that 

£^2,0,0,4 = id^yFi){v-^dgv) + {dyFi){2v-^dydev - Ay-^dyvOgv) 
- FilAv-'^dydgvdyV + 2v-^dlvdev - Qv-^{dyvYdgv], 
one applies Condition [C2] and estimate (|4.4p to get 

\E2flfiA<P^ + fi'H\dlv\+v-^\dldgv\). 
By estimate (|4.4p again, one has 

1^2,0,0,51 = 2v-^{dyvf <p. 

Collecting the estimates above and using Condition [C2], we conclude that 

5 



-5^2,0,0,- 



w 

1=1 



< 



f3\w\+pTo {\dlv\+v-'\dldev\+v-^\dydlv\) 



Using Remark [3^3] and completing squares to see that /3io \dyv\ — s\dyv\'^ < s 

, we combine the estimates above to 
obtain the lemma. □ 

Lemma 6.2. There exist < e < C < 00 such that the quantity v^'^\dydgv\'^ 
satisfies 

driv-^\dydgv\^) < A4v-^\dydgv\^) + Xv-^\dydgv\^ - Y (t--2|a2a,^,|2 + y-1\0y0^^y\-^) 



+ C{P^ + P^v-^\dydev\ + p''\dlv\ + p^v~''\dlv\) 



where in the inner region {/Sy'^ < 20}, 

2 



X = 2[2v-^ - a) and Y > 



1 + e' 

while in the outer region, 
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Proof. Define w 
mate (|3.5p . one has 



vi^i^i = V ^dydev. Then by equation p.4p and esti- 



drw^ < A,{w^) + Xw^-Y {v-^\dpev\^ + v~^\dyd^gv\^) + 2 



'I] ^1,1,1 



e=o 



where X :— 2{2v ^ — a) and Y ^j^^j^^i ■ The estimates for X in the outer region 
foUow from estimate ()4.3p for v there, and Condition [Ca]. The estimates for Y are 



the same as those in Lemma lOl above. 

Using Condition [C2], it is easy to see that |i?i.i,i.o| ^ /^to. We compute and 
use Conditions [C1]~[C2] to estimate 

(6.4) v'^\deFi\^v-^\{d^Fi){dydev)^(d^Fi)\v-^dlv^v-'^(dgvf\\ 
As we did in the proof of Lemma 16. 1[ we next compute and estimate 

(6.5) v-\dydBFi\<f -Vv-\dldgv\+v-'^\dydlv\. 

Here we used inequahty (|4.4p as weh. 

Using the inequahtics above and estimate (|6.2p . one sees, for example, that 

-El, 1,1,3 ={v^^dydeF-:>,){v''^dydev) 

+ {v-^dsF^){v-^dldev - v~^dydgvdyv) 
+ {dyF^){v-^dydlv - v-^'dydevdev) 

may be estimated by 

|£;i,i,i,3| < /35 + piv-^\d^ydgv\ + /3iv-^\dyd^ev\. 
In hke fashion, we derive the estimates 



\Ei, 



<l3-> \dlv\ + p^{v-'\df^dev\ + v-'\dydiv\), 



\Ei,i,i,2\ < + pi{v-^\dldgv\ + v~^\dydlv\) + p"-v-^\dlv\, 



We omit some details which are entirely analogous to those shown above. Finally, 
Condition [CI] and estimate (j4.4p give 

\Eis.iA='^v-''\dyv\\dev\<p\ 

Collecting the estimates above and using Condition [C2], we conclude that 



w y -£^1,1,1, 



< 



(3'\w\ + (3'\d'yv\ + I3'{v''\d'ydev\ + v-'\dyd'sv\ + y-'m) 



< 



Using Remark lOl and completing squares to get /3 w \dydev\ — ev \dydev\ 
^/3^ and /3'^v~'^\dydgv\ — ev~^\dydgv\'^ < j^P^, we combine the estimates above to 



obtain the lemma. 



□ 
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Lemma 6.3. There exist < £ < C < oo such that the quantity v satisfies 
where in the inner region {Py^ < 20}, 



X = 2(3u"2 _ ^) and Y > ^ 



1 + 

while in the outer region, 

3 1 

X < 2a < — and Y > e. 

- 8 - 2 

Proof. Define w := vo^2,2 = v^^dgV. Then by equation p.4p and esti- 
mate (|3.5p . one has 

5 



drw^ < A,{w^) + Xw^ - Y {v-*\dyd^v\^ + v-'^\dlv\^) + 2 



w ^£'0,2,2,^ 

=0 



where X 2{3v ^ — a) and Y := ^^,^1^^^ . The estimates for X in the outer region 
follow from estimate (|4.3p for v there, and Condition [Ca]. The estimates for Y are 
the same as those in Lemma |6. II 
To proceed, we compute 

d^gFi^{d^Fe){dydevf 

+ 2{dpd,Fe){dydev)[v-'d^v ~ v-^{dev)^] 

+ {dpF,){dydlv) + {d^F,)de[v-^dlv - v-''{dev)\ 
which we estimate in the form 

(6.6) v-^\dlF,\<p'' + v-^\dydlv\ + v-^\dlv\. 

By Conditions [C1]-[C2], it is easy to see that |£'o,2,2,o| < ■ Using [C1]-[C2], 
estimate (|6.4p for v^^\deFi\, and estimate (|6.6p for v^'^\dlFi\, one can estimate 

£^0.2,2,1 = {v-^dlFi){dlv) + 2{v-^deFi){v-^dldgv) 

- F,[2dy{v-^){dydlv) + dl{v-^)dlv] 

by 

Continuing in this fashion, one proceeds to estimate the remaining terms, 

|£0,2,2,2| <P"-+P'^ {v-^\dydlv\ + V-^\dlv\) , 

|£o,2,2,3| < + piv-^\dydlv\ + p"^v-''\dlvl 
|£o,2,2,4| <P^ + Pi {v-^\dydlv\ + v"^\dU) , 

|£0,2,2,5l < 
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Collecting the estimates above and using Condition [C2], we conclude that 



<l3i^\w\+p\-^\dldgv\+l3^ {v-^\dydU + v-^\dlv\) . 



The lemma again follows by recalling Remark 13.41 and completing the squares. □ 

6.2. Lyaponuv functionals of second and third order. In this subsection, 
we derive differential inequalities satisfied by the il,„_„ with 2 < m + ?i < 3. In 
the next subsection, we treat the cases 4 < m + n < 5. Our arguments are slightly 
different for to + n = 2 than they are for 3 < to + n < 5. But in all cases, we shall 
exploit the fact that as E — > cxj, one has 

(6.7) i|(T-ia2a||oo = 0(S-i) and \\a-'dya\\^ = 0{j:--2), 

where a{y) := (S + y^)"^ is defined in equation (j2.1ip . 

Remark 6.4. To derive good differential inequalities for the ilm,n, we shall need 
to use (|6.7|) by taking S sufficiently large. See in particular the estimates derived 
in display (|6.8p below. On the other hand, the fact that one can make p arbitrarily 
small in Lemmata 16.5115^ and 16 . 1 1H6 . 1 21 bv making S large is an interesting feature 
of the proof but is not needed for the arguments elsewhere in this paper. 

To estimate the evolution of the second-order functionals r2„i,n with m + n = 2, 
we can recycle the estimates derived in Lemmata 16. 1I46T31 



Lemma 6.5. There exist constants e > and p = > 0, with /o(S) \ as 

S — > OO, such that 

d 



—Vtis < -£ (i^i.i + ^2.1 + ^1.2) + Pr [^li + P^lo + ^li + ^l2 + ^^0, 



'0,3 



Proof. Let w := wi,i,i = v ^dydgv. Condition [Cs] lets us apply dominated 
convergence to compute ^fii^i, whence Lemma [3.11 gives 

i-^fiia = / / wAy{w)A6(jAy 



2dT 




{2v^'^ - a)w^ ddady 

wd6 a dy 

By Lemma 16.21 and its proof, one has 

l2< [ [ {2v~^ -a)w^d0ady+ (^-a) [ [ w^dOady 

and 

\I3\<CP^ [ [ {\w\+(3\dlv\+v-^\dldev\+v-^\dyd^ev\+v-^\dlv\)d9ady. 
Using Cauchy-Schwarz, the latter estimate becomes 

I/3I < (^^f.i + pnio + ^1,1 + + 
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To complete the proof, we will estimate Ii := + /i,2, where 

11 1 := / / w{Fid^w + v-'^F2d^w + v-^F3dydew)deady, 

Ii,2 '■= / / w {y^^ F^dgw — aydyw) d9 (7 Ay. 



Because w and a are even functions of y, one may integrate by parts in y as well as 
0, whereupon applying Cauchy-Schwarz pointwise (as in Corollarv l3.3p shows that 
11 1 < /i_3 + /i.4, where 



h.^-=- I i + p2 , '2 d^^d?/, 

^1,4 f f [a-'d^iaFi)+d^g{v-^F2) + a-^dydg{av-^F3)]d0ady. 

One estimates {dyw)"^ > v^ i ^ — Cjiw'^ and v~''^{dewY > ^1,2, 2 ~ CjS'^w'^ using 
Theorem 14.21 and Condition [Cli]. Using those facts and Condition [COi], one has 
+ < C everywhere and + < e in the inner region. Hence 

/l,3 < - £ (^^2,1 + ^^1,2) + 



1 



4(1 -2e) / / v-^w^deady 



To get the final term, we applied Condition [Cr] to the decomposition u = wi + W2 
introduced in definition <\A.2\ and then exploited the key idea behind Remark 14.31 
Then combining Theorem 14.21 and Conditions [Cli] and [C2] with estimates (|6.2p - 
(|6.5p and (|6.7p lets us control the terms in /i,4 using 

(6.8a) a-^\dl{aF,)\ < C {\dlv\ + v-^\dldev\ + + P^^T.~'^ +T.-^) , 

(6.8b) \dl{v-^F2)\ < C {y-^\dyd^ev\ + v-^^ld^vl + , 

(6.8c) a-'\dydeicTv'^F3)\ < C (v-^\d^dev\ + v-^\dyd^v\ +13^+ . 

Notice that here is where one needs S to be sufficiently large. To control Ii^2, one 
integrates by parts in 9, combining Conditions [CI] and [Cli] with estimate ()6.4p 
to obtain 

/ / v-'^ F^iwdgw) de a dy 
Jr Jgi 

Finally, one uses the fact that ydya < to get 



ywdyW d9 a dy < —Qi i. 

The conclusion of the lemma follows by collecting the estimates above, using the 
consequence of Condition [C2] that \w\ < ^2 pointwise. By Condition [Ca], the 
coefficient multiplying fii^i can be chosen to be less than | — | < — | + (2k)^^. □ 

Lemma 6.6. There exist constants e > and p ~ /^(S) > 0, with /o(S) \ as 
S — > 00, such that 

^1^0,2 < -e (rio,2 + 01,2 + ^0,3) + pf3^ (/?^f2|,2 + P^ii + ^1,2 + ^h) ■ 
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Proof. Because Remark 14.31 applies to wo,2,2 = v^^dgV, the proof is virtually 
identical, mutatis mutandis to that of Lemma 16.51 when one takes as input the 
estimates in Lemma 16.31 The final observation is that the coefficient multiplying 
rio.2 can be chosen less than ^ — f < —jg + {2k)~^. We omit further details. □ 

Lemma 6.7. There exist constants e > and p = /^(S) > 0, with p{Yj) \ as 
S — > oo, such that 

^^2.0 < -e (02,0 + ^3,0 + ^2,i) + P [l3nlo + P^^lo + /3™ {^li + ^12) 

Proof. The argument here contains two key differences from that used above. 
The estimate for I2 in Lemma [6.51 is replaced by 



^2 < ( i - a 1 f^2,o + 2/2,2, 



f6 



where 

/2,2 / / v-^w'^dOcTdy 



(dyv) [2v-'^{d^v){dyv) - v-^{dlv)a-^dya - v-^d^v] dOady. 

Note that cr~^|9j,(T| = 0((y)^^) as \y\ — > 00. Hence one may apply Condition [Cg] 
and estimate (16.71) to see that 



/2 2 < 



p[f3nio + P^^io) 



Remark 14.31 does not apply to the function dyV, so one gets only a weaker 
estimate for /i,3, namely 



/ 



The remainder of the proof goes through as in Lemma 16. 5[ using the pointwise 
estimates derived in Lcmma l6.f I Here the coefficient multiplying 1^2,0 can be chosen 
less than - f < + (2k)"^ □ 

We use a modified technique to derive differential inequalities for flm,n with 
3 < TO + n < 5. This technique applies integration by parts to the nonlinear 
commutators, using important but tedious estimates derived in Appendix |DJ In 
the remainder of this subsection, we bound the functionals of order m + n = 3. We 
treat the cases 4<TO + n<5in Section 16.31 below. 



Lemma 6.8. There exist constants < £ < C < 00 and p = > 0, with 

p{'S) \ as S — > 00, such that for all m + n = 3 with n > I, one has 

dr 



pp' 



0?n,n (^^/^ ~^ ^3 1 ^2 2 ^1 3 ^0 ' 



Proof. Let w := v„i^n,n = v "d™dgV. Then using dominated convergence 
and Lemma [3TJ one obtains ^ -^i^m,n = Ii + 12 + 13, with terms Ij defined below. 
We closely follow Lemma Wl5\ in estimating the first two terms, indicating why the 
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method used there appHes here. We use a somewhat different method to estimate 
the final term I3. For the first term, integration by parts yields 



Ii := / w{Fid^w + v^^F2d^w + v-^F3dydew + v^^F4dew~aydyw)decTdy 
Jul Jgi 

< -e + ^m.„+i) + ^ni.n - (4 - e) / / v~^w^ dOady. 

Here wc followed Lemma 16.51 estimating 

using Condition [C3] to bound the third-order derivatives in display (|6.8p by C/3, 
and again exploiting the idea behind Remark 14.31 to get the useful integral over the 
inner region. By Lemma 13.11 and estimate (|4.3p , one has 

[{n + l)v^^ - 2a\w^ d0 a dy 



< f ^ - ^) + (4 - ^) / f v-'w^dea dy. 

\4 ^ / V 2/ Jf3y2<2oJs^ 

In Appendix iDl we estimate 

using integration by parts. By Lemma ID . 1 1 there . one has 

|/3| < [ni.n + pnio + nl^ + nl^ + + ^^Ia] + (^2,1 + r!i,2 + f^ca) . 

Collecting these estimates while recalling Condition [Ca] completes the proof. □ 

Lemma 6.9. There exist constants < £ < C < oo and p = > 0, with 

yo(S]) \ as S — > oo, such that 

Proof. We again write i ^5^3. o = -^i + -^2 + -^3 as in the proof of Lemma [6781 
The only differences from the proof there are (i) we use Lemma iD. 21 to estimate = 
i?3.o, and (ii) we cannot apply Remark l4.3l to extract a useful integral over the inner 
region from Ii. However, that integral is not needed. Indeed, by Conditions [COi] 
and [Ca], one has v~'^ - ^<|Y-|-|-e<0. (Compare Remark IX^) Therefore, 

(w"^ - 2a)(i;3,o,o)^ dO a dy < -^^3,0- 



The remainder of the proof exactly follows that of Lemma l678l (Note that we deal 
1 1 i 

with the term C/32 r2| gill q in the proof of Proposition lOOl below) . □ 
We are now ready to bound the Lyaponov functionals f2ni,n with 2 < m+n < 3. 



NECKPINCH DYNAMICS FOR ASYMMETRIC SURFACES 



23 



Proposition 6.10. Suppose that a solution v ~ v{y, 6, r) of equation (j2.5p satisfies 
Assumption [AlJ atT = 0, as well as [Ca], [C0]-[C3], [COi]-[Cli], [Cg], [Cr], and 
[Cs] for T G [0, Ti]. Then for the same time interval, one has 

(6.9) I3^fl2,0 + ^lA + f^O.2 + 13^3,0 + ^2.1 + ^1.2 + < ■ 

Proof. For i? > to be chosen, define 

T := i? (/32f]2,0 + f^l.l + f^0,2) + /?f^3,0 + f^2,l + ^1.2 + f^0,3, 

noting the /3-wcights on the first and fourth terms. Observe that -^(3 < 0. Thus 
by Lemmas 16 . 71 and 16.91 respectively, there exist e2,e3 > such that 

^ '32ri ^ ^ , /o2ri ^ , „a2 \ i a2 



dr 
and 

d 

d^ 



+ {y(/3^^3.o) + |^(/3'f^2,o)|, 

where one apphcs weighted Cauchy-Schwarz to C{f3'^n2,o)^ iP^s.o)^ to obtain the 
terms in braces. 

Set R = ^j^. Then collecting the remaining estimates in Lemmata l6. 51 - 1^751 and 
applying Cauchy-Schwarz yet again proves that there exist Eq > and Co < oo, 
both independent of R, such that 

< -£oT + Co (i?p/?2T5 + , 

whence it follows easily that T < Z?"*. □ 

6.3. Lyaponuv functionals of fourth and fifth order. In this subsection, 
we derive differential inequalities satisfied by the flm.n with 4 < m+n < 5. As noted 
above, our estimates for them do not need to be sharp, which somewhat reduces 
the technical work needed to bound the relevant nonlinear terms. This work, which 
is done in Lemmata ID.3HD.7l of Appendix |d1 is also substantially reduced by the 
availability of Proposition l6.10l 

Lemma 6.11. There exist < e < C < oo such that whenever m + n = 4, 
ar 




+ C/3'- 

where 7" = f if n ~ and r = 2 otherwise. 
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Proof. Following the proof of Lemma \6l8\ the result follows easily when one 
observes that 

[(n + 1)^-2 -{m + n- l)a]w^ dO a Ay 



and applies the conclusion of Lemma ID. 61 from Appendix |DJ □ 
Lemma 6.12. There exist < e < C < oo such that whenever m + n = 5, 




> 5<i+j"<6 



Proof. The proof exactly parallels that of Lemma \6lE\ when one observes that 



■ ^ (to - l)a]w,^„ d0ady < - ^^m,o 



5a , 



3 



and applies Lemma lD.71 from Appendix [Dl □ 
6.4. Estimates of second- and third-order derivatives. 



Proof of Theorem 14.51 As indicated above, the proof is in three steps. 
(Step i) This was accomplished in Proposition l6.101 where we proved that 

13^^2,0 + + f^0,2 + /3f^3,0 + f^2,l + ^^1,2 + ^0,3 < ■ 

(Step ii) Define 

m+n— 5 

noting the /3- weight imposed on the first term. By Lemmas I6.11H6.1^ and Cauchy- 
Schwarz, there exist < e < C < oo such that 

±T < -£T + c(/32T3 +/34) . 

Assumption [A6] bounds T at r 0. It follows that T < /3^, namely that 

l3-^il4,0+^3S+ ^2,2 + ^1.3+^0.4+ ^ra,n < P'^ ■ 

m+n— 5 

(Step hi) Now that we have bounds on derivatives of orders two through 
five, Sobolev embedding gives pointwise bounds on derivatives of orders two through 
three. Because of the weighted norm || • these pointwise bounds are not uniform 
in y. Using the facts that a ^ {y)^^ as \y\ oo and that \y\ < in the inner 
region, one obtains 

and 

(iid^vf + v~\dldevf + v-\dydlvf + v-\dlvf < 
in the inner region. These inequalities are equivalent to estimates ()4.8p - ()4.9p . □ 
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7. Estimates in the outer region 

7.1. Second-order decay estimates. As noted above, it is easy in tlie outer 
region to "close tire loop" by estimating second-order derivatives without needing 
assumptions on higher derivatives. 

Proof of estimate (|4.10p . Bv Lemmata l6.1ff01 and Cauchv-Schwarz. there 
exist constants Ci , C2 , C3 such that in the outer region, one has 

and 

dr{v-^\dydgv\'') < A^iv-^\dydgvf) - ^v-^\dydgv\^ ~ E {v-^\d^ydev\^ + v-^\dyd^ev\^) 
+ C2{f3^ + f3'\dlv\+/3%-^\dlv\), 

and 

dAv~^\dh'\') < A,{v-^\d'gv\') - ^v-^\d',v\^ - 6 {v-^\dyd^ey\' + t'-'ia^p) 

+ C3 {(3^ + f3\-^\dldev\) . 

Define 

T := p^\d^v\^ + v-^\dydev\^ + ^-^l^^'^P, 

noting the /3- weight imposed on the first term. Then because < 0, there exists 
Co < 00 such that 

drT<A,,{T)-^T + C„l3^ + E, 

where 

E {C2p'\dlv\ - sPld^vl^) + {C3p'v-'\dpev\ - ev-^\d^ydgv\^) 

+ (Cil3^v-^\dyd^gv\ ~ ev-^\dydU'') + ( ^2 1^ " ' 1 9^ - ev'^'ldlvf) . 
Cauchy-Schwarz proves that E < [3'^ . Hence there exists C < oo such that 

o 

Choosing k and F sufficiently large ensures both that the quantity in brackets above 
is negative, and that T < Tj3w at r = 0. By Theorem 14. 5[ one has T < Tj3w on 
the rest of the parabolic boundary. Hence the result follows from the maximum 
principle in the form of Proposition IC.ll □ 

7.2. Third-order decay estimates. In this subsection, we complete the 
proof of Theorem 14.61 by establishing estimate (|4.1ip in the outer region. 

As we did in the previous section, we begin by deriving differential inequalities 
satisfied by the squares of the quantities that appear in (|4.1ip . These estimates do 
not have to be sharp, because we only need relatively weak third-order estimates for 
our application in Section[8l To keep the notation from becoming too cumbersome, 
we consistently write (um,n,fc) for {v^^dy'^dgv) in the remainder of this section. 



33^ 

10 



r/3To. 
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Lemma 7.1. There exist Q < e < C < oo such that in the outer region, 

dr{v3,0..of <^u((w3,0,o)^) - ^(W3,0,0)^ -£ (l'4,0,o)^ + («3,l,l)^] 

+ c(/33+/?f|(«3,o,o)|+/3^|K2,2)|+/3 <n,n\- 
\ m+n— 3 / 

Proof. Following the proof of Lemma I6.1[ one applies Condition [Ca] and 
estimates ()4.3p . (|4.4p . and (|4.6p to equations p.4p - (|3.5p to bound the linear terms 
above. So it suffices to derive a pointwise bound for |(w3.o,o) X]f=i ^3.o,o.f I- 

For this, we can use some but not all of the estimates derived in Lemma ID. 21 
Four terms there were estimated using integration by parts. Here, we instead 
combine the pointwise bounds derived in Lemma [0.41 with estimates ()6.1|) - (|6.3p to 
obtain the bounds 

I(f3,0,0)(ay3i^l)(f2,0,0)l < /?^l(t'3,0,0)| (/3^ + IKo,o)| + |(l^3,l,l)| 



and 



|(t'3,0,0)(5^^^2)(t'0,2,2)| < /?'|(«3,0,0)| (/3^ + |(f4,0,o)| + |(«3.1,l)|) , 



with similar estimates holding for the contributions from and i^4. Again using 
estimates (|6.1|) - (j6.3|) instead of the method used in Lemma ID. 21 we obtain the 
critical bound 

3 ^ 

|(W3,0,0)£^3,0,0,5| < l(«3,0,o)| I (w2,0,o) ("1,0,1 ) + (wi,0,l) I < I (w3,0,o) I ■ 

The result follows using Cauchy-Schwarz and our assumption |(u3,o,o)| ^ D 

Lemma 7.2. There exist < e < C < oo such that for m + n = 3 with n > I, one 
estimates in the outer region that 

2 2^2 2 2 

9T{'Vm,n,n) ^ ((^^m,n,n) )~^("m,n,n) ~ £ [{Vm+l ,n,n) + (''^7Ti,n+l,n+l) ] 

+ C^^ (|Wm,n,n| + /3|w4,0,o| + |w3,l,l| + 1^2, 2, 2I + |wi,3,3| + K'0,4,4|) 

+ [{v2S.lf + (Wl,2,2)^ + K3,3)^]- 

Proof. As in the proof of Lemma 17. 1[ we may apply Condition [Ca] and 
estimates (|4.3p . (|4.4p . and (|4.6|) to equations (|3.4p - p.5p in order to bound the 
linear terms above. 

To derive a pointwise bound for \{vm.n,n) X^fco ^rn.n,n.e\, we use some but not 
all of the estimates derived in Lemma ID. 11 To replace the estimates that were 
obtained there using integration by parts, we again combine the pointwise bounds 
derived in Lemma ID. 41 with estimates (|6.ip - (|6.3p . obtaining, for example, 

\iVm,n,u){v-''d^d^F,)iv2,0,o)\ < \iv^,n,n)\ + |Kn+l,n,n)l + I (^'m,n+l,„+l ) | ) , 

with stronger estimates holding for the contributions from Fg, t = 2,3,4. Here, 
the term \{vm.n,n)Em.n,n.b\ IS casy to estimate. Thus the result again follows from 
Cauchy-Schwarz and our assumption that |(um.ri,n)| ^ Z?^- D 

Now we are ready to prove our third-order decay estimates in the outer region. 

Proof of estimate (|4.1ip . Define 

T /3(U3,0,0)^ + (W2,l,l)^ + (Wl,2,2)^ + (W0,3,3)^- 
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Then, just as in the proof of esthnate ()4.10|) . it follows from Lemmas I7.1H7.2I and 
Cauchy-Schwarz that 

drT < A„(T) - T + Co (/3wT^ + 
<A4r)-lT + Cp^. 

o 

By hypothesis, one has T < on the parabolic boundary of the outer region. 
Thus applying the parabolic maximum principle in the form of Proposition IC-H 
exactly as in the proof of estimate (j4.10p . shows that T < /3to throughout the 
outer region for r G [0,ti]. □ 

This completes our proof of Theorem 14.61 

7.3. Third-order smallness estimates. Now we prove Theorem l4.71 whose 
purpose is to bound \dydgv\ and v~^\dgv\ for use in Section [5] below Q 
Define 

(7.1) T := {v-'d^vr + [dydlvf + [{dldovf + [dlvf] . 

The factor /?^Tn will be used in estimate (j7.3p below. In this section, we prove: 

Proposition 7.3. There exists a constant C such that in the outer region Py^ > 20, 

drT < AyT + CpT^. 

We claim that Theorem 14.71 is an easy corollary of this result. Indeed, by our 
Main Assumptions, one has 

T(-,-,0)<eo 

for some ero <C 1. In the inner region /3y^ < 20, one combines the consequence 
V < Co of Condition [COi] with the results of Theorem 14.51 to see that 

Together, these estimates control T on the parabolic boundary of the outer region. 
Thus by Proposition 17.31 and the parabolic maximum principle, one has 

T(-, r) < £0 + (r) + C T (3^ (r) dr 
< (£o + /3o)T^, 

which proves Theorem 14.71 

Proof of Proposition 17.31 We start by studying T2 := (dydgv)"^, since it 
forces us to define T as in (|7.1|) . Apply Corollarv l3.3l to obtain 

drT2 = A,T2 + 2v-^T2 - Bi,2.0 + 2Ei^2,o{dvdgv). 

For the term 2i;~^T2, we write v~^\dydgv\ < iv~'^\dydgv\)i \dydgv\i and employ 
Theorem 14.61 and the smallness estimate in Condition [C3] to estimate 

2v-^\dyd^v\^ < pi . 
In this way, we derive the differential inequality 

(7.2) drT2 < A,T2 ~ Si,2,o + 2Ei^2Adydev) + ■ 

^Note that Lemma lB.2l lets us control \dydgv\ and v~^\dgv\ for fc = 1, 2 by bounding \dydgv\ 
and v~^\dgv\, respectively. 
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Next we consider the term Ei,2,o{dydgv). In the present situation, the difBcuhies 
encountered are similar to those surmounted in the proof of Theorem l4.6( we handle 
these in a similar manner. 

We treat the highest-order terms first. Among the many terms that make 
up Ei,2,o, some contain a factor (at most one) of dy'dgV with m + n = 4. If 
(m,n) = (2,2), (1,3), this factor is controlled by the favorable term — i3i,2,o in 
inequality (|7.2p . The difficult cases are (m,n) = (0,4), (3, 1). There are only two 
such terms in Ei^2fi{dydgv), namely 



Di := {dydlv){deF^){dldev) 

= idydjv)[{dpFi){dydev) 



{d,F,){deq)Kd'ydev) 



and 



D2 {dydlv){dyF2){v-^dlv) 

= {dydlv)[{d,F2){dlv) + {d,F2){dyq)]{v-^dlv). 

For Di, combining Lemma lB.21 with the smallness estimate in Condition [C3] 



shows that the terms in brackets admit the estimate 



\{dpF^){dydgv) + {dqF^){deq)\ < f 



Using Cauchy-Schwarz and the smallness assumption again, one thus obtains 



\Di\ < (/3o + £o)^ 



p^\dydiv\ 



(7.3) 



+ q^ 

< {Pq + £o)*/3** + (/3o + £o)*l3~^B2,i.o, 



where /3~^i32,i,o appears in the evolution equation for P~Ti (dydev)'^ below. 

For Z?2, we proceed differently. Here, the decay estimate comes from the terms 
in brackets. By the estimates in Theorem 14.61 and the interpolation Lemma IB.2[ 
one has 



\{d,F2){dlv) + id,F2)idyq)\ 



< 



\d'yV\ + \dyq\ 



< 



fj 20 



1 +p2 



Hence 
(7.4) 



0,3,1, 



+ q^ 

where -80,3,1 appears in the evolution equation for v^^{dgv)'^ below. 



The remaining terms in inequality (j7.2p are estimated by techniques very similar 
to those employed in the proof of Theorem 14.61 Those methods may be used 
because we have available the smallness estimates from Condition [C3]. Together 
with estimate ()7.3p and estimate (|7.4p . we apply these techniques here (omitting 
further details) to obtain 



(7.5) 



< ^.T2 - -Bi,2,0 



Bo 



3,0 



10 So 



l + p^ 



+ /3T0. 



Now we turn to T3 := p-To {d^dgv)^ . We use CoroUarv 13.31 to write 



9,T3 = A„T3 + 2 



-a + f3To(drr^) T3 - p-^'B2,ifl + 2/3-^E2,i,oid^dgv) 
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From this, we use the imphcation of Theorem HUthat v-'^idpevf < /3tc and the 
fact that {drl3~^) = jhp <C ttt to derive the differential inequality 



(7.6) drTs < A„T3 - -Ta - -^2,1^0 + E^^Adydev + /S^). 



1, 
2 

This differs from the corresponding inequality (j7.2p for i9t-T2 in by the term — ^Ta. 
As in the derivation of inequality (|7.5p . there are two critical terms, 

and 

W2 := f3-^{d^dev){v-^dyF2){v-^dydlv), 

which appear in E2,ifi{dydev). 

For Wi, a suitable estimate for dgFi, namely 

(/3o +eo)^ 



\deFi\ < \dpFi\\dydev\ + \d,Fi\\deq\ 



< 



follows from the smallness component of Condition [C3] . Applying Cauchy-Schwarz 
then yields 

(7.7) < (/3o + eo)* [T3 + r^Bs^o^o 

where /?^T^i?3,o,o appears in the evolution equation for P~^{dyV)'^. 

For W2, we get good decay from the term ir^dyF2- By Theorem 14.61 one has 

\v-^dyF2\ < , , 2 , 2 ' 

and hence 

1 \d?,dev\ \v~^dydnv\ 1 

7.8 W2 <r-^ \ ' 2 , 2 < + gi.2.0 , 

l+P'^ + q-^ 



where i3i,2.o appears in inequality (j7.5p . 

The remaining terms in inequality (|7.6p are estimated by the same methods 
we employed many times in previous sections. Combining these estimates with 
inequalities (|7.7p - (|7.8p yields 

(7.9) drT-i < A,T3 - i/3-TnB2,i,o + /3^Bi,2,o + Wo + £o)^/3"^B3,o,o + , 

where — ^^3 was used to control various terms in Wi and W2. 

By similar techniques, we estimate that Ti := (v^^dgv)'^ and T4 := I3^^{dyv)'^ 
satisfy the differential inequalities 

(7.10) drTi < A„Ti - 1^0,3,1 + (/3o + eo)*-Bi,2,o + 
and 

(7.11) drT4 < A,Ti-^l3-T^B3,Q.o + {l3o + eQ)^r^B2,ifi + P^, 

respectively. Adding equations (|7.10p . (|7.5p . (|7.9p . and (|7.1ip completes the proof. 

□ 
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8. The second bootstrap machine 

In this section and those that follow, we describe the asymptotic behavior 
of solutions. Specifically, we show that a solution v to equation (|2.5p . which is 
a rescaling of a solution u to equation (j2.ip . may be decomposed into a slowly- 
changing main component and a rapidly-decaying small component. We accomplish 
this by building a second bootstrap machine, following [5]. 

8.1. Input. Our first input to this bootstrap machine is that u{x,t) is a so- 
lution of equation (|2.ip satisfying the following conditions: 

[Cd] There exists t# > such that for < t < there exist functions 
a{t) and b{t) such that u{x,9,t) admits the decomposition 



i.l) u{x, d, t) = \{t)v{y, d, r) = X{t) 



2 + b{t)y^ 
a{t) + \ 



with the orthogonality properties 

0(.,.,r)± e-^^^ (1 - a(t)2/2) e-^^^ 

where a{t) := -X{t)dtX{t), y := X-^{t)x, and T{t) X-'^{s) ds. 

Proposition 18 . 31 will show that Condition [Cd] follows from our Main Assumptions. 



To state the second set of inputs, we define estimating functions to control the 
quantities 0,r), a{t{T)), and 6(t(r)) appearing in equation (|8.ip . namely: 

(8.2) MmAT) 

(8.3) A(T) 

(8.4) B{T) 
where (m, n) € {(3, 0), (11/10,0), (2,1), (1,1)}. Here we used the definitions 

U\Un:^\\{y)-"'d^4^^ and /3(r) :- 

6(0) + ^ 

By standard regularity theory for quasilinear parabolic equations, if the initial 
data satisfy the Main Assumptions in Section [5] for bg and cg sufficiently small, 
then (making > smaller if necessary) the solution will satisfy the second set 
of inputs for this bootstrap argument, namely: 

[Cb] For any t < T(i#), one has 

(8.5) ^(r)+B(T) + |M(r)| </?-5^(t), 
where M denotes the vector 

(8.6) M:=(A/,,,), (i,j)e{(3,0), (11/10,0), (2,1), (1,1)}. 

Remark 8.1. Condition [Cb] implies estimates on v and v~^dyV in the inner 
region < 20, which in turn imply Condition [COi], the estimate \dyv\ < P^v^ 
of Condition [Cli], and the estimate {y)~^\dyv\ < /3 of Condition [Cg]. 



:=max^ (t) II </>(■, t)1|„,„, 



max/? (t) 

T<T 



<t{T))--+b{t{T)) 



:=maxrMr)|5(t(r))-/?(T)|. 

r<.i 
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The final inputs to tliis bootstrap machine are the following estimates. They 
follow from the outputs of the first bootstrap machine, as summarized in Section l4?2] 
For any r G [0, T(t^)], the estimates proved in Sections |3HZ] show that v satisfies 



(8.7) v{y,0,T)>l; 

and that there exist constants eg ^ 1 and C, independent of T{t^), such that 

(8.8) \dyv\ <C; 

(8.9) \v''d^gv\, \dyd^gv\ <6o « 1; 

(8.10) v~^\dyv\ < C13^, \d^v\ < Cl3^, \d^yv\ < 

(8.11) v-^\dyd^ev\, v~^\dydev\, v~^\dldev\, v'^\d^ev\ < C/3i. 
8.2. Output. The main result of this section is: 



Theorem 8.2. Suppose that Conditions [Cd] and [Cb] and estimates (|8.7p - (|8.1ip 
hold in an interval t G [0,ri]. Then there exists C independent of ti such that for 
the same time interval, the parameters a and b and the function (p are such that 

(8.12) A{t) + B{t) + \M{t)\<C. 

This theorem will be reformulated into Propositions 19.11 and 19.21 and then 
proved in Section [9T] 

8.3. Structure. Before giving the details of the second bootstrap argument, 
we discuss the general strategy of its proof. The first observation is that our Main 
Assumptions imply that there exist \{t) and b{t) such that the solution w(-,-,t) 
remains close to the adiabatic approximation Va{t{T)),b{t{T)) defined in equation (|2.9p 
for at least a short time. Moreover, we can choose those parameters so that the 
solution admits the decomposition in equation ()8.1|) . subject to the orthogonality 
stipulations of Condition [Cd]. 

It is shown in [5] that A(t) and b{t) can be chosen so that Condition [Cd] is 
satisfied. To state this precisely, we need some definitions. Given any time to and 
(5 > 0, we define Itg^s := [to,to + S\. We say that \{t) is admissible on It^^s if 
A e C^{Ito,s, R+) and a{t) := -XdtX G [1/4, 1]. Proposition 5.3 and Lemma 5.4 of 
[5] imply the following result. 

Proposition 8.3. Given t^, > 0, fix to £ [0,i*) and Xq > 0. Then there exist 
S,e > and a function X{t), admissible on It„,5, such that if 

(i) {x)-^u e ([0,^0, X K)), 

(ll) inf w > 0, and 

(ill) \\v{-, ■,to) - Ko,holl3,o < bo for some oq G [1/4, 1] and bo G {0,e], 
where v{y,9,T) = X{t)^^ u{X{t)x,9,t), then there exist 

a{T{t)) G {It„,s, [1/4,1]) and b{T{t)) G (4,,*-, (0,£]) 

such that the rescaled solution v{y,9,T) admits the decomposition and orthogonality 
relations of Condition [Cd], with A(0) = Ao and a{T{t)) = —X{t)dtX{t). 

The second bootstrap machine will establish that Va(^^r)).bit{T)) is the large, 
slowly-changing part of the solution, while tj) is the small, rapidly-decaying part. 
The utility of the stipulated orthogonality will become clear in Section [TTl when 
we compute the linearization of an equation closely related to ()2.5|) . 
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In what follows, we will usually convert from the time scale t to r. To study the 
asymptotics of the solution, we derive equations for a,-, br, and </> in equations (|9.3p . 
(|9.8p and (|9.9|) . respectively. Then we analyze those equations to show that 

a{T)^l, 6(r) « /3(r), and \\{y)-"'d^<t>\\oo < P'^^^ 

for (m,n)^(3,0), (11/10,0), (2,1) and (1,2). 

The first two estimates above are proved in Section (TU] Their proofs are 
straightforward generalizations of those in [5]. The third estimate, which estab- 
lishes the fast decay of (j>, is the most critical. It is proved in Section [11] For 
all three results, the crucial new ingredients from [5] are the 0-derivative bounds 
appearing in estimates (|8.8|) ~ (j8.11|) . which follow from the first bootstrap machine 
constructed in Sections |3]-[71 

9. Evolution equations for the decomposition 

Equation (|2.5p is not self-adjoint with respect to its linearization, but it can be 
made so by a suitable gauge transformation. By Condition [Cd] in Section [SJ there 
exists a (t-scale) time < t^^^ < oo such that the gauge-fixed quantity 

can be decomposed as 

(9.1) W = Wab{y) + £,{y,0,T), with ^ _L 00,0, '/>2a- 

Here 

(9.2) and c^,^^ := (1 - ay')e-^ , 

and the orthogonality is with respect to the L^(§^ x M) inner product. The param- 
eters a and b are functions of t; the (almost stationary) part is 

Wab := ^2 + %Va + i e"^^'; 
and the (rapidly-decaying) fiuctuation is 

To simplify notation, we will write a(r) and 6(r) for a(t(r)) and 6(i(r)), respectively. 
(This will not cause confusion, as the original functions a{t) and b{t) arc not needed 
until Section [T^ ) In this section, we derive evolution equations for the parameters 
a(T) and 6(t), and the fiuctuation ^(y, 0, r). 

We substitute equation (j9.ip into equation (|2.5I) to obtain the following equation 
for ^, 

(9.3) drC = -L{a, b)C + F(a, b) + N,{a, b, ^ + N^ia, 6, + N^ia, 6, 0, 
where L{a, b) is the linear operator given by 

^) = -'y + - Y - 2T5^ - 2^- 
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and the functions F{a, h) and Ni{a, b, {i = 1, 2, 3), are given below. We define 



(9.4) F{a,b) 
with 



-e 1 



2 + 6?/2 



2\ 2 



ri + r2 



y 



2 + by^ (2 + 6y2)2 



(9.5) 
(9.6) 



r2 

iVi(a,&,e) 
A^2(a,fo,e) 



drCl 



1 a 



v2 + by 



P 



div. 



1 + + g2 y 

The final term, A^3, did not appear in [5]; it is 



7V3(a,6,e) := 



1 



1 



(9.7) 



1 + g2 + p2 2 
2pg 



_ _ 1 



1 + p2 + q2 



dedyV 



-e i V 



q 



1 + p2 + g2 



Now we derive differential equations for the parameters a and b. Taking in- 
ner products on equation (|9.3p with the functions 4>k,a, (k = 0,2), and using the 
orthogonality conditions ^ _L (/)o,a, 02, o in (|9.ip . one obtains two equations: 



(^^(a,6),0o,a) 



(9.8) 



3 



2 + 6y2 2 

5I(^fe>0,a) + ^(e,2/''/'0.a), 



fc=l 



(i^(a,6),02,a) 



(9.9) 



3 



2 + 5y2 2 

^(iVfe>2,a) + ^(e,2/''/'2.a). 



k=l 



Note that the terms on the right-hand sides of equations (|9.8p - (|9.9p depend on ^, 
while F{a,b) depends on a-r, for, a, b and y. 



We now show that Theorem l8.2l is a consequence of the following two results. 

Proposition 9.1. Suppose Conditions [Cd] and [Cb] and estimates (|8.8p - (|8.1ip 
hold. Then there exists a nondecreasing polynomial P{M, A) of A and the compo- 
nents of M such that 



(9.10) 



S(t) <1 + P{M{t),A{t)) 
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and 

(9.11) A{t) < A{0)+(3i>{0)P{M{T),A{T)) . 

This will be proved in Section [TOl 

Proposition 9.2. Suppose Conditions [Cd] and [Cb] and estimates (|8.8|) - (|8.1ip 
hold. Then the function (p satisfies the estimates 

(9.12) Af3,o(T) <M3,o(0) + /3A(0)P(Af(T),A(T)), 

(9.13) A'/ii ,o(^) < ^%,o(0) + 1 + eoA/ii ^0 + A^3,o(r) + /3^(0)P (A/(t), A{t)) , 

(9.14) M2,i(t) < Af2,i(0) + A'/3,o(T)+/?*(0)P(M(T),A(T)), 
and 

(9.15) Afi,i(T) < Afi,2(0) + Af3,o(r) + Af2,i(T) +/?s^(0)P(lf(T),A(T)) , 

for any t G [0,r(i^)], where P(M,A) is a nondecreasing polynomial of A and the 
components of M . 

This will be proved in Section 1111 

These two propositions imply Theorem 18. 2[ as we now show. 

Proof of Theorem 18.21 Observe that Msflir) and M2,i(t) are present on 
the right-hand sides of equations (|9.13p - (|9.15p . To remove these, we use esti- 
mates (|9T2)) and ((9?T4|) to recast estimates (|9T0)) . ((9TT|) . and (|9T2)) - (l9TT5l) as 

Mr) + |M(t)| <A(0) + |A/(0)| +/3™(0)P(|Af(T)U(r)) , 

P(r) <l + P(|A/(r)U(T)), 

with P being some polynomial. By the boundedness of |A/(0)|, A{0) and the 
smallness of (Hq, we obtain the desired estimate (|8.12p . □ 

10. Estimates to control the parameters a and b 

We start by stating a preliminary estimate, which is proved later in this section. 
Lemma 10.1. The functions Ti and T2 appearing in definition (j9.4[) satisfy 

(10.1) irii, |r2|</??^p(Af,A). 

Now we use estimate (jlO.ip to prove Proposition 19.11 

Proof of Proposition 19. II We start by proving estimate (|9.10p . 
Recall that Fi and r2 are defined in terms of Or, b^^ a and b. Thus we begin 
by rewriting r2 in estimate (jlO.ip as 

1 



\drb + b'\ <b 



^-a + b 



+ P^P{M, A). 



The first term on the RHS is bounded by b/S'^A < P^A by definition of A. Hence 
(10.2) \drb + b^\ < PT^P{M,A). 
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Divide estimate (|10.2|) by 6^, and use the inequality /? < 6 implied by the condition 
B < I3~^, to obtain 



(10.3) 



< f3-^P{M, A). 



Then use the fact that /3 satisfies —drP ^ + 1 = to get 

'1 1' 



dr 



b P 



< (3^P{M, A). 



Integrating this estimate over [0, r] and using the facts that b < (3 and /3(0) — b{0), 
we obtain 

f3~^l3-b\<l3i f I3to{s)P{M{s),A{s)) ds<pip{M{T),A{T)), 



which together with the definitions of (3 and B implies estimate (|9.10p . 

Now we turn to estimate (|9.1ip . To facilitate later discussions, we define 



(10.4) 



T:=a-- + b. 



Differentiating T with respect to r, writing drb and dra in terms of Fi and and 
using estimate (jlO.ip . we obtain 



drr + [a 



b]T = -b^ + Jib, 



where obeys the bound 

|3^6| < /3t5p(A/,A). 
Let /Lt = e^o ds^ Then the equation above implies that 



fjT = To — / fib ds 



fi'Rb ds. 



We now use the inequality 6 < /3 and the bound for 'Rb to estimate over [0, r] < [0, T] 
that 



|r| < M~'ro + M"' / Ai/3'd.s + /i^i / ^/?T5ds 
For our purposes, it is sufficient to use the weaker inequality 



P{M,A). 



|r| </i"'F(0) + Ai"W 1 + /3to(0)P(M,A) 



The conditions Air), B{t) < /3~^{t) imply that a + ^ + b > \. Thus, it is 
not difficuh to show that ji''^ fi-^T{Q) < yl(0) and /3"^M"^ /J" M/?^ ds are bounded. 
Hence we have 

A < A{0) + 1 + /3TB (O)P(M, A), 

which is estimate (|9.1ip . 

This completes the proof of Proposition 19. II □ 



Now we present: 
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Proof of Lemma [10.11 We begin by analyzing equations (|9.8 p - ()9.9|) . For 
notational purpose, we denote the terms on their right-hand sides by Gi and G2, 
namely 

(10.5) {F{a,b), (^o,a> - Gi, 

(10.6) (Fia.b), 02,a) = G2. 

We start by bounding the terms in Gi and G2. Using estimates (|8.1ip and 
(|4.7p . both of which follow from the first bootstrap machine, one finds for fc = 0,2 
that 

\{v~'^F3dydgV, (l)k,a)\+\{v~'^F4dgV, (f>k,a)\ 

< \v~^dev\ {\v-^dydev\ + \v-^dev\) < 

For the term {v~'^ F2dgV, (f'k.a), we integrate by parts in 9 to generate sufficient 
decay estimates, obtaining 

-2 



1+^2+^2 



d0v,de[v 



dlv,e-ry 
1 + p2 + 



2?;- 



l+p2 + g2 



(dev) 



(l+p2+q2)2 



In the last step, we applied estimate (jS.lip . By similar methods, i.e. integration by 
parts, we get 

-2 



1+^2+^2 



dgv, (ay 



1 e-^y 



For the terms A^i and N2, we have 

\{Ni, ct>k^a)\ < ||(y)-'iVi|U < MaV"^' = 0'2). 

Then we use the estimate \dyv\ < (3^ of (|8.10p to obtain 

\{N2, ^k^a)\\\{y)-Vd'yV\\^ < \\{yr'dyv\\l\\d^^v\\^ 



< 



(/3 + M2,i/3to)'/3^, (fc = 0,2). 



In estimating (y) ^dyV, we used v ^ J2 + by"^ /a 



e^y and the facts 



bfn P implied by the consequences A, B < (3 20 of estimate (jS.Sp and the definition 
of Afg^o in (lO) . 

We collect the estimates above, using our conditions on A{t) and B{t), to get 
(10.7) Gi, G2 < \dra\fM3,o + (1 + 1/2, 1 + Mlo) . 

Now we turn to the terms on the left-hand sides of equations (|10.5p - (|10.6p . 
We decompose the function F{a, b) defined in equation (|9.4p into components ap- 
proximately parallel or orthogonal to 4>o^a and 02, a, plus a term of order 6^, as 
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follows: 

F{a,b) 



2 + by 



2\ 2 



1 _ay^ 



ri + r^ 



ay2 _ 1 



Consequently, one has 

|(i^(a,6),^o,a>| > 

and 



|6|(|ri| + |r2|)-6^ 



|(F(a,6),02,a)|>|r2|-|5|(|ri| + |r2|)-63, 
which together with estimate (|10.7p imply that 

|ri|, |r2| < (1 + M|^i + M3%) + |9,a|/32M3,o. 
To control the term |9ra| on the rhs, we use the definitions of Fi and dra to obtain 

\dra\<\V^\+P^A. 

Hence we have 

|ri|, |r2| < /3i (1 + M|,i + Ml^) + IS^AA'h^o. 
This together with the condition |Af(T)| < /3~Ti(r) implies estimate (|10.ip . □ 

To facilitate later discussions, we state some other useful estimates for F. 

Corollary 10.2. If {m,n) e {(3, 0), (11/10, 0), (2,1), (1,1)} and A{t), B{t) < 
/3"2o(r), then 



(10.. 



e— F(a,fo) </3''-T^(r)P(M,A). 



Proof. In what follows, we only prove the case {m,n) = (11/10,0). The 
proofs of the remaining cases are similar (see [5]), hence omitted. 
Recalling definition (|9.4p for F, one observes that 



(y) 



<b ^" < (i ™ ■ 



{2 + by^y. 

Thus the estimates for Fi and r2 in (|10.ip imply that 



(y) 



2 + by 



2\ 2 



Ti 



■ 2 + 6y2 



< (|ri| + |r2|)/3-- </3-p(Af,A). 



By similar reasoning, one has 



{y)~~" ^ 



2 + by' 
a(2 + 6y2)2 ^ a+ 1 



2\ 2 



< /920 



Combining the estimates above, we complete the estimate for {m,n) = (11/10,0). 

□ 
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11. Estimates to control the fluctuation </> 

In this section, we prove tlie estimates tliat malce up Proposition [921 

Recall the evolution equation (j9.3p satisfied by £^{y, 6, r). Wc begin our analysis 
by reparameterizing ^ so that critical terms in the resulting (new) evolution equation 
have time-independent coefficients. 

Recall that T{t) := A-2(s)ds for any r > 0, and a^r) -X{t{T))dtX{t{T)). 
Let t(r) be the inverse function to T{t), and pick T > 0. We approximate A(t(r)) 
on the interval < r < T by a new trajectory Ai (t(T)), chosen so that Xi{t{T)) = 
A(<(r)) and a := -\i{t{T))dtXi(t{T)) = a{T) is constant. 

Then we introduce new independent variables z{x,t) X^^{t)x and a{t) := 
/o '^r^('^) ds, together with a new function ry(z, 9, a) defined by 

(11.1) X,{t)e^'\{z,e,a) A(i)e r) = A(t)0(y, 0, r). 

One should keep in mind that the variables z and y, a, t and t arc related by 

^ = XT^y' •= /o ^r^(s) ds, and r = /„* A-2(s) ds. 

For any r = /q'"^'' -^^^(s) ds with t(T) < t{T), or equivalently t < T, we define 
a new function (t(t) := Jq^^^ -^r^('*) ds. Observing that the function a is invertible, 
we denote its inverse by T(cr). 

The new function i] satisfies the equation 

daV = -La.7]{cr)+W{a,b)7]{a)+9{a,b){a) 

(11.2) 

+?^i(a, b, ry) + ^2(0, 6, 77) + ^^3(0, b, 77), 
where the operator La is linear, 

:= La + 1^, 

with La and 1^ defined as 

L.:=^8!^^z^^'-^^ldl 



2 + /3(T(a))z2' 

respectively. The quantity W(a, 6) is a small linear factor of order 0(/3), namely 

A2 (a +5) 2a 



^''■'^ ^= " Af 2 + 6(r(a)),2 ' 2 + /3(r(.)).2 



^ A2] (a +5) , 2a- a- i 



A? 



2 + 6(t((t))j/2 2 + /3(r(a))z2 

1\ z2[b(r(a))-/3(r(a))] 

2; (2 + 6(r(a))y2)(2 + /3(r(a))^2) 

^2 _ z']bir{a)) 



"+2; (2 + &(r(a))y2)(2 + /3(r(a))z2)- 
The function 5'(a, 6) is a variant of F(a, b) from definition (j9.4p . namely 

(11.4) J(a,6) := e-7-'e^!''^i^(a,6). 

A 
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The nonlinear terms lik, (k = 1, 2, 3), are defined using (|9.5p - ()9.7p by 

^i{a,b, T]) 



(11.5) 



7<2ia,b, ri) 
J<3{a,b,ri) 



Ai 
A 



with T and y expressed in terms of a and z. Note that J^^ was not needed in [5]. 

Analysis of equation (|11.2p will provide estimates for r/, but what we actually 
need are estimates for ^. To provide this link, we prove in the next proposition that 
the new trajectory is a good approximation of the old one. 

Proposition 11.1. For any t < T, ifA{T) < /3-to{t), then 



(11.6) 



^Wr))-1 



< cm 



for some constant c independent of T. For (m,n) = (3,0), (11/10,0), (2,1), (1,1), 
one has 



(11.7) 



e^" Vi;;^) < /S'V^+to (r(a))M™,„(r(a)). 



Proof. We start by deriving a convenient expression for xi"(^(''')) — 1- By 



properties of A and Ai, we have 
A 



dr 



Ai 



(11.8) 
where 

G := a — a + {a ~ a) 



A 



{t{r))-l =2air)l-{t{r))-l +G{t), 



Ai 





to 

















We use the fact that j^(i(r)) — 1 = when r = T to rewrite equation (|11.8p as 



(11.9) 



y(t(r))-l 



In what follows, we rely on equation (|11.9p to prove estimate (|11.6I) . 

We start by analyzing the integrand on the rhs. The definition of A(t) and 
the condition A(t) < /3~2o(r) together imply that 



air) ~ - 
^ ' 2 



and hence that 

(11.10) |a(r) -a\< air) - 
in the time interval t e [0,r]. Thus 

(11.11) |G|</3 



< 



/3M 







3 
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We claim that inequalities (|11.10p ~ ()ll.lip are sufficient to prove estimate l|11.6|) . 
Indeed, define an estimating function A(r) by 

A 



A(t):= sup r\s) 

T<S<T 



Ai 



m) - 1 



Then (|11.9[) and the conditions A(t), B{t) < (3 20 (r) imply that 2a > ^ and hence 
that 



it{r)) 1 



< 



< 



Therefore, 



< 1 + /?(t)A2(t) + /32(t)A3(t) + /3(t)A(t). 



Now we use the facts that /3{t) and A(t) are decreasing functions to obtain 

A(r) < 1 + (3{t)A^{t) + /3'(r)A3(T) + /3(t)A(t), 

which together with A(T) = implies that A(r) < 1 for any time r G [0,T]. 
Combining this with the definition of A(r) gives estimate (|11.6p . □ 



In the rest of this section, we study the linear operator La- By Lemma |2.1[ it 
suffices to consider its spectrum acting on {u; : R x : w{z,0) = w{z,6 + tt)}. 
Due to the presence of the quadratic term ^az^, the operator has a discrete 
spectrum. For /3z^ ^ 1, it is close to the harmonic oscillator Hamiltonian 

(11.12) ^ ^ 



2 2 
-a z 
4 



2 2 ^ 



The spectrum of the operator — a is 

(11.13) spcc(L„ - a) = {na + : n = -2, -1, 0, 1, ... ; fc = 0, 1, 2, . . .} . 

Thus it is essential that we can solve the evolution equation (jll.2p on the subspace 
orthogonal to the first three eigenvectors of La- These eigenvectors, normalized, 
are 



(11.14) 



0i,a(z) : 



4'2.aiz) 



a ze ■* ' 



(1 - Q;z^)e °' 



We define the orthogonal projection P„ onto the space spanned by the first n 
eigenvectors of La by 

n-l 

(11.15) P"-u; := ^ (w, 



m=0 



and the orthogonal projection 

(11.16) P:w:=1-P"w 



(" = 1,2,3). 
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The following proposition provides useful decay estimates for the propagators gen- 
erated by —La and —La- 



Proposition 11.2. If g 



is a function satisfying g{y, 9) = g[y^ + tt) 



for all y ^ R and ^ §>^ , then for any times t > a > 0, one has 



(11.17) 

with 2 >n> 1. Moreover, 
(11.18) 



'P29 



z)-"eT^ g\ 



< 



(z)-"e-^ 5 



and there exist constants 7, (5 > such that if /?(0) < 6, then 
(11.19) 

||(2)-"et^V°[/„(r,cr)e(^-'")^^«P„"g||^ < e-(''+("-3)")(^-'^) ||(z)-"eT^'5||^, 

where Un{T,a) denotes the propagator generated by the operator —P"[La + ^dg]", 
(n = 1,2,3). 

Proof. What makes estimates (|11.17p - (|11.19p different from the correspond- 
ing results in the earlier paper [5] is the presence of the operator 9|, which has 
discrete spectrum {0, 4, 8, • • • } in the space {/i : §^ R : h{6) ~ h{9 + it)}. (Com- 
pare Remark 14.31 ) 

The general strategy in the present situation is to decompose the function 
g : R X K according to the spectrum of dg. One then obtains the desired 

estimate by studying the terms of this decomposition. If a real-valued function g 
satisfies g(y, 6) — g(y, 9 + tt), then it admits the decomposition 



giy,9)= J2 ^"'''9kiy), 



with gk{y) ■— ^ In^ ^ ^^''^g{y,9)d9. By the definition of P„ in equation pi.l6p . 
one has (1 — Pn)e'^^^^ gk{y) = if A; 7^ 0, and hence 



e'^'^'g,. 



Pn9 = Pn90 + X! ' 

Moreover, 

e5-^«P„5 = P„5o + ei^^"^ ^ e^^'^^gk. 

Now apply these observations to the propagator acting on g to obtain 

(z)-"et-V„"C/„(^,^)e(--)^^'«P,^g 

(11.20) = (z)-"e^^V„"C/„(r,a)P„"go 



where U is generated by the operator 



e^' t/(T,a)e("-")5^«^e 



2a 



2ike , 



9k, 



" 4 2 2 + /3{T{a))z^ 
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For the first term on the RHS, we apply resuhs proved in [5] to obtain 



(11.21) 



< p-(7+(n-3)a)(r-o-) 



For the second term on the RHS, we apply the Trotter formula to see that 

The latter harmonic oscillator be bounded by the non-decaying estimate e^"^'^"'^) 
in suitable normed spaces (for details see [H [5]). Thus one has 



(11.22) 



(z)-"eT^'f7(T, cr)e(^-'"'^ae ^ 

fc#0 



< 2Q(r-a) 



For the last term above, one may apply the maximum principle to see that 
(11.23) 



E 



< max 
ee[o,2Ti-) 



E 

fe/O 



< 2 max (7 
ee[o,27r) 



for any cr > 0; and for cr > 1 
(11.24) 



E 



2ik0 



E 



max|gfc| 



=e — max (<7, e" 
27r fe 1^ 

<e"^'^ max \g\. 



„2ki0\ 



Collecting the estimates above, we conclude that 
(11.25) 











OO 





This together with equation (|11.20p and estimate (jll.211) implies inequality pi. 191) . 

The proofs of estimates pi.l7p - (jll.l8p are similar modifications of those de- 
tailed in |4l [5], hence are omitted here. □ 

11.1. Proof of estimate (|9.12p . In this section, we prove estimate p.l2p for 
the function A/3,0. Fix a (r-scale) time T. Then the estimates of Proposition lll.il 
hold for T < T. We start by estimating rj defined in equation (|ll.ll) . We observe 
that 7] is not orthogonal to the first three eigenvectors of the operator La- Therefore, 
we derive an equation for P^rj, namely 



(11.26) 
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wherei:»^.l = Z?^^;'„(a),withfc = l,2,3,4,5,6, (m,n) = (3,0), (2,0), (2,1), (1,1), 



are defined as0 
2^(1) 



-n^Fe-f^'[l-P„"J92[^f.^^] 



^2 + /3(T(a))z: 



and 



£,(2) 
m.r? 

^(4) 
m , TJ 

£,(5) 
£,(6) 



P^e-f^ 9,"[ef^ Wry], 

P„",e-?-^ar[ef^'j(a,6)], 

P,^e-f-'9,"[e^^'Ni(a,6,a,77)], 

P„",e-f^'9:[ef^'?^2], 

P„",e-?-'ar[ef^'?^3]. 



Define 
(11.27) 



S 



t(T) 



Then by Duhamel's principle, we may rewrite equation (|11.26p as 

(11.28) P^i^iS) = P3"(73(5,0)P3"77(0) + Y.f P^U:,{S,a)P^Dtl{a) da, 

where U-i{T^a) is defined in Proposition 111.21 and satisfies estimate (|11.19p . It 
follows that 



(11.29) 



<e-^^r*(T)||ef-%(0)||3,o 

6 .S 



-7(S-<t)| 



l|e*^'<,](a)||3,oda. 



For the terms Dg'^g with k = 1,2,3,4,5, on the RHS of equation pi.26p . one has 
the following estimates. 

Lemma 11.3. If A{t), B{t) < /3^^(r) and if a < S, equivalently t <T, then 
j2\\e^'^ P3Di%)h.o < l3^{r{a))P{M{T),A{T)), 



(11.30) 



k=l 



(11.31) \\e^''P3"Di%)h^o < \\e^m{a,b,0\ko < 13^ {r) P (M {r)) , 



(11.32) 

and 

(11.33) 



l|e*^>3"4'^(a)||3,o < \\e^N,{aAO\ko < /3w (r)P(M(r)), 



10 



Recall definitions JTOll - inTSll and 1 III.I6II . 
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Proof. We first prove the most involved estimate, namely (|11.33p . Its first 
inequality is a consequence of the fact that ^ — 1 = 0{/3) proved in estimate (|11.6p . 
Because estimates of this type will appear many times below, we provide a detailed 
proof (only) here. Unwrapping the definitions of the functions involved, one finds 
that 



(11.34) 



< \\{zr^e^y'm{a,b,C){T{am^ 

< \\{y)-'e^y'Ns{a,b, OiriaMoo 
= ||e5y'7V3(a,fe,Oll3,o. 

To prove the second inequality in estimate (jll.33p . we write the new term N3, as 



(11.35) 
with 

and 



N3,l 



N3 :=iV3,i+iV3,2, 



Mv)e- 



4 y 



2pq 



;{dedyv) + e 4 



1 + p2 + g2 



(dev). 



We shall only prove estimate (|11.33p for N^^i; the result for A*'3^2 is easier, when 
one recalls from estimate (|8.1ip that v^'^dgV, v^^dgdyV = 0{l3^). For the term 
v~'^dgv above, we apply the interpolation result in Lemma IB. 2 1 to inequality (|8.1ip 
to get 



'dgv\ < max \v-^div\ < /3^. 
ee[o,27r] " 



(11.36) 

Then by estimate (|4.7p that {y)^^v < 1 and estimate (|8.1ip . we obtain 



\d'^v\<v-^\d'ev\<l3^, 



which gives the desired result. 

Now consider inequality (|11.30p . For fc = 1, we use the identity P^{1 — P^) = 



to rewrite P^D^ q as 



a 



biT{a))z\l^P,"Ma). 



Then direct computation gives the desired estimate, 



\\e^''P3"Di%)h,o<max 



<64(T(a))||et-%(a)|i3.o 
</32(r(a))A/3,o(r). 



-{l-Ps^vi^) 
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Here we used the fact that |6(r)| < 2/3(t), which is imphed by B{t) < /3^^{t), 
and the fact for any to > 1, one has 

(11-37) ||ef^'(l - PZ)9\\m-i,o < lle^^'ff|l,„,o 

by definition (|11.15p of the orthogonal projections = 1 — P," . 

Now we estimate ZJg'^Q for fc = 2, 3. By estimate (|11.37p and direct computation, 
we have 

^||ef^>3«D(^;](a)|l3,o < llef^V(a,6)(a)|l3,o + lle^^^Wry(a)|l3,o. 

fe=2 

By estimate ()11.6p that ^ — 1 = 0(/3), one then obtains 

l|e^^V(a)||3,o < ||F(a,6)(r(a))||3,o < f3' P{MiT), A{T)), 

where F{a, b) is defined in equation ()9.4p and estimated in (jlO.Sp . Recalhng defini- 
tion PT3)) for W = 0(/3), one has 

l|e^^'W77|l3,o < ||W||oo||e5-%||3,o < (3"^ A'h^o- 

The first inequahties in estimates (|11.3ip - (|11.32p are derived in almost exactly the 
same way as estimate (|11.34p : so we omit further details here. 

The proof of the second inequality in estimate (|11.3ip makes it necessary to 
prove a bound for \\{y)^ e^^^ ^\\oo. Specifically, 

\m~'Di%)\\^<\\{y)-'efy'N,iT{am^ 



< 



2 + 5y2 

By the fact that yq^sp' ^ (y)^^ a-nd the definitions of M3.0 and Afn/io.o, we 
obtain the desired estimate (|11.3ip . 

Next we turn to the second inequality in (|11.32p . Compute directly to obtain 

(11.38) \{y)-'e^y'-N2{a,b,0\ < {d'yvl \{y)-'dyvf. 

By estimate (|8.10p . the first term on the rhs is bounded by \dyv\ < /3^. For the 



second term, we recall that v ^ y2 + by^/a + ^ + e " ^. So by direct computation, 
one has 

\{y)-'dyv\<b+{y)-'\dye'^^\ 
< b + bT^>Mi^i 
</3(l + Afi,i). 

Feed these estimates into inequality (|11.38p to obtain (|11.32p . 

Collecting the estimates above completes the proof of the lemma. □ 

Now we resume our study of equation (|11.28p . For its first term, we use the 
slow decay of (3{t) and estimate (|11.7p to get 

(11.39) e-^^r*(r)|lef-%(0)||3,o < ^ ^(0)||et^%(0)||3,o < M3,o(0). 
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For its second term, we use the bounds for D^^'^q from Lemma 111.31 and the integral 
estimate ()11.4ip proved in Lemma 111.41 below to obtain 

Jo 



k=l ■ 



(11.40) 



< 



s 

g-7(S-^)^i^(^)(^) d(7 



P{M{T),A{T)) 



< P^{T)P{M{T),A{T)). 



By estimate (|11.45p . proved in Lemma [11.51 below, we have ||e2^ P^'i'i{S)\\3fi = 
||(/)(-,T)||3,o, which together with (|11.39p and (|11.40p implies that 

r ^ (T) 1 1 (/.(• , T) 1 1 3,0 < M3,o (0) + (r)F( A/(r) , A(r) ) , 

where P is a nondecreasing polynomial. By definition (|8.2p of M^^, we obtain 

Ma^T) < A/3,o(0) +/3^(0)P(A/(T), A(T)). 

Since T was arbitrary, estimate (|9.12[) will follow, once we provide a proof of in- 
equalities (|11.4ip and (|11.45p used above. 

Here is the first of the two promised lemmas. 
Lemma 11.4. For any Ci,C2 > 0, there exists a constant c(ci,C2) such that 

(11.41) / e-^^(^-^)/3^^(T(s))ds<c(ci,C2)mT). 



Proof. The estimate is based on a simpler observation: there exists C(ci, C2) 
such that for any S > 0, one has 

(11.42) r?;!:^d.<^(-'^^) 



(1 + sY^ - (1 + SY^ ■ 

This is proved by separately considering the regions s G [0, §■] and s G [|-, S*], and 
comparing the sizes of e_-<:iis-s) (^i^gy2 there. 

The proof of inequality (|11.4ip is complicated by the presence of the two time 
scales (T and r, which are related by a{t) := /q A|j~^(s) ds and t = /q A~^(s) ds. In 
what follows, we prove the desired estimate by comparing these two time scales. 

By estimate ()11.6p . one has ^^^'^^^^^-^ ~ 1 and thus 

(11.43) 4cr > T(cr) > iff. 
This implies that 1 / , , < A-r^, — , which in turn gives 

>>() ^ ' hi 

(11.44) /^e-"i(^-^)/3"^(T(s))ds < ^l£llM 







.0 ' 



Recall that t{S) = T and use estimate (jll.43p again to obtain 



1 < 1 



This together with inequality ()11.44p implies the desired estimate. □ 
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The next lemma relates (f> :— e -i ^ and 77 at times a ~ S and t ^ T. 
Lemma 11.5. If m + n < 3 and i > 0, then 

(11.45) {zy'e^PZ, (9. + = (y)-^a,"</>(y,r). 

Proof. By definition of the various quantities in equation (|ll.ip . one has 
Xi{t{T)) = X{t{T)), a{T) = a, and hence z = y and ef ^'77(2,5') = <?!)(y,r). Then 
because e^^ (9z + ^z)e~'3'^ = we have 
(11.46) 

{z)-'e^P- (9, + |z)%(z,0,5) = (2/)-^e^P;5)e-^a;,/<(y,0,r). 

Integrating by parts and using the orthogonality conditions ^('1''') -L 4'k,a{T) for 
A: = 0, 1, 2, with (f)k.a defined in equation (|9.2p . one gets 

e-^9;'0(-,T)±0fc,,(,), (0<fc<2-n), 

which shows that 

P;^(^)e-^9,"0(y,(?,r) = e-'^d^cl,{y,9,T) 
if rn + n < 3. This together with equation (|11.46p implies identity (|11.45p . □ 

Our proof of estimate (|9.12p is complete. 

11.2. Proof of estimate (|9.13p . In this section, we prove estimate (|9.13p for 
the function Mh/iq q. To begin, we use equation (|11.2p to compute that P^i^icr) 
evolves by 

6 

(11.47) dAP2v) = -Lc^P^V - P2V11 + A" E 

k=2 

(k) 

where the functions D2 g and the operator La (which differs from £q by the absence 
of the potential V) arc defined immediately after equations (|11.26p and ()11.2p . 
respectively. Our first step is to obtain the following bounds. 

Lemma 11.6. If A(t), B{t) < to (t) , then 

(11.48) ||ef ^Vr7(a)|| < (5^ {t{<j))M3.o{T), 

5 



(11.49) Y.\\^f^-'p,-Di%)\\^^o<l3*{r)P{M{T),A{T)), 

k=2 



(11.50) \\e^''P?D^^l{a)h^^„ < We"^ N,{a,b,m^,o < [3^ {r){l + eoM^^^,), 



where eg is the small constant that appears in estimate (|8.9p . 

Proof. We start by proving inequality (jll.48p . By Condition [Cb], we have 
X < 4 and hence 

b ^ P 

'° < (z)-TO (l + 6(r(a))z2)-^ </3-M(r(a))(z)-3, 



1 + 6(t((t))z2 
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which, together with estimate (|11.7p and the definition of V following equation (|11.2|) , 
yields 

1 



< 



ri{a) 



— 

10 



l + 6(T(a))z2 
</3-^(T(t7))||e7-'77((T)|l3,o 
</3^(T(a))A/3,o(r). 

This gives inequality (|11.48p . 

The proof of inequality (|11.49p is almost identical to that of (jll.30p . thus is 
omitted here. (It may be compared with the corresponding part of [5j.) 

Now we turn to inequality (|11.50p . As in equation (|11.35p . we decompose the 
new term A^a into two parts, A^3 = N^^^i + N^,2- We only prove estimate (|11.33p for 
A^3.i; the estimate for A'3_2 are easier and use the sufficiently fast decay estimates 
for v-'^dlv, y-^dedyv, y-'^dgv = 0(/35§) found in (l8lT|) and (ITOel) . 

By direct computation, we find that 



(y) 10 e 4 N^s = 2 ~ 



v-^dlv. 



The lower bound v >1 from (|8.7p and condition [Cb] imply that 



(11.51) 



(y) 10 e -1 A^3,i < {y) lo 



x/2- 



For the term \/2 — v, we use the decomposition v = e**' w in equation (|9.ip to 
write 



V2-v = V2- 



l2 + hf_ 
«+5 



e-y ^ 



by^ 



V2 



V2 + v/2 + 6y2 
Substitute this into estimate (|11.5ip to obtain 



(y) 10 e 4 A^3,i < (y) 



Ci + C2 + C3. 



|l-2a| + |e^CI 



To conclude, we shall estimate the three components on the RHS. 

The estimate for Ci is the most involved. By direct computation, we obtain 

Ci<bi{y)-^v-^\d^gv\. 

Using the estimates v~^\dgv\ < eo from (|8.9p . v~'^\dgv\ < (3^ from (|8.1ip . and 
Yqq^ < 1 from (|4.7p . the consequence /3 6 of Condition [Cb] for B, and Holder's 
inequality, we get 

(11.52) Ci <6^ <ef'b^. 
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For C2, we use the fact a-i = 0{b)+0{l3'^ A) from estimate and Condition [Cb] 
to obtain 

(11.53) C2 < eo/?. 
For C3, we use definition (|8.2p of Afi 1 to get 

(11.54) C3 < eoAfi4/3^. 

Collecting inequalities (|11.52p - (|11.54p completes the estimate for 

(y) 10 e * A^3,i . 

□ 

Now fix a (r-scale) time T. To conclude our proof of estimate (|9.13|) . we 
continue to study equation (|11.47p , which may by Duhamel's principle be rewritten 
in the form 



l-S r 6 

■'0 L fc^2 



da. 



where 5" = S{t{T)) is defined in equation (|11.27p . By estimate (jll.lTI) for e-^°'^P2", 
one has 



(11.55) 
where 



<Ko + Ki +K2, 



K„ := e-"^ 



77(0) 



-a(S-o-) 



V7?(a) 



dcr, 



6 



,-a(S-<T) 



(fe) 



dcr. 



Next, we estimate the Kn for n = 0, 1, 2. 

(KO) Estimate (|11.7p and the slow decay of /3 yield 



(11.56) 



A'o <^2o(T)/3"^(0) e^^ ,y(0) 



</?^(r)Mii.o(0). 



(Kl) Estimate (|11.48p and the integral inequality ()11.4ip imply that 



(11.57) 



Ki< 



(11.58) 



:-"(S-^)^M(r(a))da 

-q(S-<t) 



A^3,o(T) </3^(r)M3,o(P). 



(K2) The estimates of D\^, (fc = 2 . . . 6), implied by (|11.49p yield the bounds 

rS 



I<2 < / e-"^^-) /34(r(a))P(A/(T), A(T)) +/3*eoMii o(T^)] d^r 
Jo 

< pi{T)P{M{T),A{T)) + /3MeoM4i.„(T). 
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Collecting estimates (|11.55p - (|11.58p . one obtains 

r^(r)||et^>2"'7(r(5)) 

(11.59) 

< Mil .o(0) + A/3.o(T) + eoMii ,0 + 1 + {0)P{M{T), A{T)). 
Equation (|11.45p shows that 

r^(T)||<^(T)|| 11,0 = r^{T)\\e^P2V{S) 
which together with estimate (|11.59p and the definition of Mh^iq q implies that 

Mii,o(r) < A/ii,„(0) + A/3,o(T) + eoMii,o(r) +/3Ti(0)P(M(T), A(T)). 
Since the time T was arbitrary, the proof of estimate (j9.13p is complete. 

11.3. Proof of estimate (|9.15p . In this section, we prove estimate p.isp for 
the function Mi^i. Observe that for any smooth function g, one has 

(11.60) e-^d,{e^''g) = (a, + ^z)g. 

Thus it follows from equation (|11.2p that the function Pi{dz + ^z)rj evolves by 



(11.61) pf(a, + -z)77 



where D^^\ is defined immediately after equation (|11.26p . and 



D 

-Pf (L„ + a)Pf (d, + |z),7 + ^ d[^1 + D, 



k=2 



= -P^[d,V]ii~P^V 



d. + -z 



77. 



The key observation here is that applying the operator -\- gives an equation 
with an improved linear part. 

Fix a (r-scale) time T. Then Duhamel's principle lets us rewrite equation (jll.6ip 

as 



(11.62) 



Pr(9. + f ^)r?(5) = Pre-(^°+")^Pr(9, + |z)?7(0) 

l-S r 6 ■ 



da. 



where P"e (iQ+")S'pa jg defined in equation ()11.15|) and estimated in (jll.lSp . For 
the remaining terms on the rhs, we derive the following estimates. 

Lemma 11.7. If A{t), B{t) < I3~^ (t) , then: 

(11.63) ||et^'i?(a)||^Q </3^(T(a))[M3^o(r) + M2,i(T)], 



(11.64) 



k=2,3 



< 



1,0 



pHT{a))P{M{T),A{T)), 
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(11.65) \\e^^^" D^^Wl^^ < ||e^7Vi(a,6,0||i,i 

(11.66) \\e^'"D[%^^ < ||e^iV2(a,6,0||i,i < /3^(t), 

(11.67) ||et-'i5(s)||^_^< ||e^iV3(a,6,0||i,i </3^(r). 
Proof. We first prove estimate (|11.63p . Direct computation leads to 

- (rT6(4)W''''^"' + (z)(l + Kr(a))z^) '^-^'^^^' 
< 6-5(2)-3|et^%| +&-3(2)-2|a^e7^%|. 

To control the RHS, wc apply inequality (|11.7p to obtain the desired estimate. 

The proof of inequality (jll.64p is very similar to the corresponding part of 
Lemma 111. 31 hence is omitted. 

The first inequalities in estimates (jll.65p - (|11.67p can be proved by the same 
method as estimate (|11.34p . So in what follows, we only prove the second ones. 

Consider the second inequality in estimate (|11.65p — an estimate which was 
not necessary in [5] . By direct computation, we obtain 

v2 + by^ ' 
=: Ai +A2+A3. 

To bound Ai and A2, we note that \v~^dyv\ < by (|8.10p . and use the conse- 
quences I , ''^ I < /32 and \a\ < 1 of (|8.5p in Condition [Cb] to obtain 

{yy\\A,\ + \A2\) < 5^(y)-i^^(et^'^)' < bh-i {{y)-^ e^y' 
It follows that 

(11.68) \\{yr\A, + A2)\\^^ <b-^o\\{yy^e'^y" < M^,^^. 

It is not hard to bound A3 via the observation 

-i2 Q+i 
V 2 + by 

< /3tMi,iMii,o 



(2/)"'r^^^et^'e5,(et^'e) < b-^\\{yr^oe^y'^\\J\{y)-^dyie'iy'0\ 



When combined with estimate (|11.68p . this implies (|11.65p . 

To derive the second inequality in estimate (|11.66p . we recall that p ~ dyV and 
q = v^^dgv and then compute that 



dy 



e^y-N2{a,b,0 



2p'^{pdyV + qv ^dydev-q^v ^dyv) p'^dyV + 2p{dyv)^ 
(l+p2 + g2) y'" 1 + p2 + ^2 • 
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Recall that we need to bound (y) ^dy e'i^^ N2{a,b,^) . To control (y) ^|9yw|, we 
use Condition [Cb] for Mi^i, which implies that 
(11.69) {l + \y\)-'\dyv\<2p. 

To see this, we write v = -^J^ + by'^/a + \ + (j) and use the fact that 

This observation, together with estimates (|8.10p - (|8.1ip for \dyv\, {n = 2,3), and 
v~^\dydev\ yields the second inequality in estimate (|11.66p . 

Now we turn to (|11.67p . As in equation (|11.35p , we decompose the new term 
into two parts, writing A^3 — N^ i + Nrj^2- We will prove estimate (|11.33p for N^^i; 
the proof for 2 follows readily from the decay estimates for v~^dgV, v~^dgdyV, 
v~'^dgv, and their ^-derivatives provided by estimates (jS.lip and (|11.36p . By direct 
computation, we have 



dy [e— iVga] = -2v-'^dyvd^gv + - 



2 



dydlv. 



(11.70) 

For the first term on the RHS, we use estimates (|8.10p - (|8.1ip to obtain 
(11.71) v-'^\dyvdlv\ = v-^\dyv\ v''^\dyvdlv\ < (3^. 

Estimating the second term on the RHS requires more work. We start by writing 
in the the more convenient form, 



{«)- 



4-1 



dydgV 



= {yy 



1 

- + 1 

V 



1 

- - 1 

V 



= {v-'\dydlv\) " \dyd'gv\*[{y)-i^>\v 1| 
It follows from estimates (|8.1ip and (|8.9p that the first two factors on the RHS 

3 S- 

here can be bounded by /J^egV To bound the final factor, wc recall that v = 
^2 + by'^/a + ^ + eJy^£_. By definitions ([8?2|) and ([Q]) for Mn/io^o and A, respec- 
tively, we have 

(11.72) (y)"^ K' -1\<P^+P^-[A + Afn/io,o]. 

Collecting the estimates above and using the consequences A, Mh^iq q < j3-^ of 
Condition [Cb], we obtain 

^2 - 1 dydlv 



(11.73) 



{yY 



When combined with inequalities (|11.70p - (|11.7ip . this implies the desired estimate. 

Finally, (|11.67p follows easily from the estimates obtained earlier in the lemma; 
so we omit further details. □ 

Now wc return to equation (|11.62p . Applying the norm || • ||i_o = ■ II 00 

to both sides yields 



(11.74) 



e-i' 



1,0 



<Yi+Y2+Y3. 
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where 



Fi :=e-^^|!et^',7(0)|| 
Y2 : 



S 6 



^||e^Ma'(^)l|i,oda, 

k=2 



¥3:= [ e-^^^-^^\\e^Dia)\\i,oda. 
Jo 

By inequalities ()11.63p ~ ()11.67p and the integral estimate (|11.4ip . one has 

re-^(^--)/3icla 
Jq 



(11.75) Y2 < 



P{M{T),A{T)) < P^>{T)P{M{T),A{T)). 



Similar reasoning yields 

(11.76) F3 < /3^(T)[m3,o(T) + M2^i{T) . 

Estimate (jll.7p and the slow decay of /3 imply that 
(11-77) Yi < e-''^|l(/.(-,0)|li,i < (T)(r) A/1,1 (0). 

Now collecting estimates (|11.74p ~ (jll.77p . we obtain 

r^(T) e^P,^(d. + ^z)rj{S) 

V 2 y 1,0 

< Afi,i(0) + A/3,o(T) + M2,i(T) + /3^(0)P(M(T), A(T)). 

By equation pTiS]) . one has We^^P^id^: + f z)7?(5)] || 1.0 = l|0(T)||i,i. Thus by 
definition of A/1,1, one obtains 

A/i,i(r) < A/i,i(0) + A/3,o(r) + A/2,i(T) + /?^(0)P(A/(T), A{T)). 
Because T was arbitrary, this proves estimate (|9.15p . 

11.4. Proof of estimate (|9.14p . In this section, we prove estimate (j9.14p for 
A/2,1 and thereby complete our proof of Proposition 19.21 

The same method used to derive equation pi.6ip shows that P^ipz + %z)r\ 
evolves by 



(11.78) d„\p^{d, 



k=\ 



where P)^2\, (fc=:l,...,6), are defined immediately after equation pi.26p . and 



-P2VdzV. 



We fix a (r-scale) time T and apply Duhamel's principle to rewrite equa- 
tion (|11.78p in the form 



(11.79) P^{d, + -z]r^ 



(S) = P^U2{S,Q)e-^^P^(d.. + 1^)77(0) 



l-S r 6 

+ / P2"t^2(5,a)e-"(^-'^)P2" E^2'l+^7 

•^0 ln=l 



da. 



54 



ZHOU GANG, DAN KNOPF, AND ISRAEL MICHAEL SIGAL 



where U2 is defined in Proposition 111.21 and satisfies estimate (|11.19|) . Terms on 
tfie RHS may be estimated as follows. 

Lemma 11.8. If Air), B{t) <P~^{t), then 



(11.80) 

and 

(11.81) 



2,0 



</3^(r(a))A/3,o(r), 



e^5:<)(a) 



k=l 



<P^o{r{a))P{M{T),A{T)). 



2.0 



The proof is similar to but easier than that of Lemma lll.7i hence is omitted. 

Continuing, we apply the j| • ||2,o ~ II (•2)^^ ' lloo norm to equation (jll.79p . 
obtaining 



(11.82) 
where 



2,0 



<Y,+Y2+Y3. 



Yi 








Y2 






Jo 






Y^ 






Jo 



6^"= 77(0) 



l2,l 
fc=l 



dcr, 



2,0 



da. 



By estimate ()11.8ip and the integral inequality (|11.4ip . we have 



(11.83) Y2 < 



P{M{T), A{T)) < {T)P{M{T),A{T)). 



By similar reasoning, we get 

(11.84) Fa </3t(T)M3,o(r). 

Estimate (|11.7p and the slow decay of /3 imply that 

(11-85) Yi < e-T"5||0(-,O)||2,i < /3t(T)(r)Af2,i(0). 

Collecting estimates (|11.82p - (|11.85p . we conclude that 



rHT) 



2 y'^z^^z]viS) <M2,i(0) + M3,o(r)+/3-(0)P(M(T),A(T)). 
2,0 



Then we use equation pi.45p to rewrite the lhs, yielding 

||e^P2"(<9. + f^)^(^)]||2,o = ||<^(T)||2,i. 

Because T was arbitrary, estimate (|9.14p follows by recalling the definition of M2,i- 
This completes our proof of Proposition 19.21 and hence of Theorem [ 
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12. Proof of the Main Theorem 

The proof is almost identical to that in [5]. We provide a sketch below. 

Proof of Main Theorem. For bo,co small enough, our Main Assumptions 
(see Section [2|) imply that there exists ri > such that the the necessary conditions 
— including the hypotheses of Proposition 18.31 — for starting both bootstrap ma- 
chines (see Sections 113] and [83J are satisfied for r(f) S [0,ti]. The outputs of both 
machines then show that the Main Assumptions hold at ti, with smaller constants. 
So one can iterate this procedure to a larger interval [0,T2]. 

We now return to the original time scale t. The iteration above produces t* < T, 
where T < oo denotes the maximal existence time of the solution, and a function 
A(t), admissible on [0,^*), such that Theorems K2 \ 1431 K6\ l4Jl and 1121 hold on 
[0, t*). Observe that if the iteration cannot be continued past t*, then either t* = T 
or A(t*) = 0. Hence either (i) t* < T but A(<*) = 0, or (ii) i* = T = oo, or (ill) 
t* = T <oo. 

We first claim that case (i) cannot occur. Indeed, if X{t*) — 0, then it follows 
from Theorem 18.21 that 



< u{0,9,t) < X{t) 



1 + Cp{T{t)) 



CPHr{t)) 







as t t*, which implies that T < t* . 

We next show that case (ii) cannot occur. Indeed, by Theorem 18.21 one has 

(12.1) a{t)-^ = -b{t) + 0{l3'{T{t))) and 6(t) = /3(r(t))[l + 0(/35 (r(i)))], 

where T{t) ~ A^^(s)ds. So \a{t) — || = 0{f3{T)). To obtain a contradiction, 
suppose T = oo. Then because dfX = —a/A < 0, we have r — >■ oo as i — oo, and 
hence \a{t) — i| 0. Because X^{t) = A§ — 2 J^^ a{s) ds, it follows that there exists 
T < oo with A(r) = 0. Our proof for case (i) forces T < T < oo, proving the claim. 

Therefore, case (iii) is the only possibility. This means that there exists X{t), 
admissible on [0,r) with T < oo, such that Theorems 1121 |Ml IHZl and lO 
hold for t € [0, T), with Xit) \0 ast /"T. 

We establish the asymptotic behaviors of X{t), b{t), and c{t) ■= ^ + a{t) as 
follows. Equation (|12.ip shows that that b{t) — > and a{t) — > ^ as t T. Hence 
as t r, one has 



A(i) = (1 + o(1))VT^ and r(<) (1 + o(l))(- log(T - i)), 

as well as 

P{r{t))^{l + o{l)){-\og{T-t))-\ 
This concludes the proof □ 



Appendix A. Mean curvature flow of normal graphs 

Here we derive the basic formulas that describe mcf of a normal graph over 
a cylinder. Although these equations are familiar to experts, we include the short 
derivation for the convenience of the reader, and to make the paper self-contained. 

Write points in as {w, x) = {w-^ , . . . , w"^^,x). The round cylinder S" x M 

is naturally embedded as 6"+^ = {iw,x) : \w\'^ = 1} C M"+2. Let Mt denote a 
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smooth family of smooth surfaces determined by u : 6"+^ x [0,r) — > M+, namely 

Mt = {iu{w,x,t)w,x) : {w,x) G e"+\ t G [0,T)} . 

For most of the derivation, we suppress time dependence. In what follows, we sum 
over repeated indices and restrict Roman indices to the range 1 . . .n. 

For {w, x) e C"+^, let (ei, . . . , e„, e„+i = ^) denote an orthonormal basis of 
T(«,,a;)e"+^ C T(„,:,)R"+^ with (ei,...,e„) tangent to S" x {x}. Let D denote 
covariant differentiation on C"+^, and let V denote covariant differentiation on a 
round of radius one. If 

F : {w,x) I— > {u{w , x)w , x) , 
then, recalling that 1 < i < n, one has 

DiF = (Viu)u) + uci, 

Dn+iF = {dxu)w + e„+i. 
It follows that the Riemannian metric g induced on M has components 



g^J = {D,F, DjF) ^ u^S^j + ViuVju, 



i2 

gi„+i = {DiF,Dn+iF) dxuViU, 



2 



5«+i«+i = {Dn+iF,Dn+iF) = 1 + (a^-u) 

Note that in this Appendix (but nowhere else in this paper) the symbol (•, •) denotes 
the pointwise Euclidean inner product of E"+^. 
An outward normal to M is 

N ^ uw - ViUCi - u{dxu)en+i- 

Noting that 

(A.l) \N\' = [l + {dxu)'y + \Vu\^, 

we denote the outward unit normal by i' = \N\~^N. Straightforward calculations 
show that 

iNlDjiy = 2{y ju)w + ucj — V jVu — {dxuSI jU + uS/ jdxu)en+i + {• • • }v, 

\N\Dn+iv = {dxu)w - WdxU - [{dxu)'^ + uc'^w]e„+i + {• • • }v, 

where the terms in braces are easy to compute but irrelevant for what follows. One 
thus finds that the components of the second fundamental form h are 

h,j = {D,F,Djv) = \N\-^{g,j-\-V,uVjU-uV,Vju), 

h^n+i = {D.iF,Dn+iv) = |iV|"^(.gi„+i - uVidxu), 

/i„+i„+i = {Dn+iF,D.n+iv) = |A^r^ (5„+i„+i - [{dxu)'^ +udlu]) . 

The standard trick to compute the mean curvature H = tTg{h) of M is as fol- 
lows. Fix any point of the graph and rotate the local orthonormal frame (ei, . . . , e„) 
so that all V^u vanish except perhaps V„w. In these coordinates, one may identify 
g and h with block matrices 

fu^In-l \ , , 1 fuHn^i - UVVU 



respectively, where 



dxuS/nU 1 + {dxuY 
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and 

\^ dxUVnU — uVndxU —udxU 

Computing tT(g^^h) and recasting the resulting terms in invariant notation, one 

obtains the coordinate-independent formula 

(A.2) 

_ n\N\^ - u {Qy V.Vjtt + + \Vu\^)dlu - 2dxu{Vu, Vdxu) - u-^Vu\^) 

where Q is the quasilincar elliptic operator on S" defined below in equation (|A.4p . 

Now we reintroduce time. It is a standard fact that MCF of Mt is equivalent 
(modulo time-dependent reparameterization by tangential diffeomorphisms) to the 
evolution equation 

«2 H{N,w) Hu 
^^d,u^-HM^ _^ = __ 

namely to dtu = — |iV|i/u^^. By equations (jA.ip and ()A.2p . this is the quasilincar 
parabolic pde 



Qij\/i'S/,jU+ (-1*2 + |Vup)92u _ 2dxu{\'u,\'dxu) - u~i|Vu 



n 



^^■^^ |Vu|2 + [1 + (a^u)2]u2 It' 

where Q is the elliptic operator on S" with coefficients 

(A.4) = [1 + it'^lVup + {dxuy]S^j - ir'^V^uVjU. 

Appendix B. Interpolation estimates 

Here, we state and prove various interpolation inequalities used in this paper. 
We begin with an elementary embedding result. 



Lemma B.l. Let g : [0, 27r] — > R &e a smooth periodic function satisfying the 

condition J^^ g{0) AO ~ 0. Then for any n G Z+, the following inequalities hold: 

1 

'^\d^g\'de 



5 

max \g(e)\ < - 



< I max \dj}g\ 



1 

2^ Jo 

Proof. Wc provide a detailed proof for n = 1; the cases n > 2 are similar. 

Recall that the Fourier decomposition g{0) = J2m=-oc ^m^™^ and the Plancherel 
equality ^ \d0g\'^ dO = X]m=-oo™^kmP hold for determined complex coeffi- 
cients am- The key fact that 5 -L 1 forces ao = 0. Using Holder and weighted 
Cauchy-Schwarz, this fact allows us to obtain 



^maxj.9(0)|< kn|<^ |e^H-2 + £-i 




2| |2 



JTi^lamp, this becomes 



,,,2|„ |2 
m— — 00 "' 

max \q(6)\ < - I y \m\-^ + i\ = t (— + i] <-e. 
ee[o.2.]l-^^ ^1- 2 [^Z^J I ] 2 U ; 2 

The result follows. □ 
The main result of this appendix is the following easy corollary. 
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Lemma B.2. Let v satisfy Assumption [Cr], so that \v2\ < Svi with respect to the 
decomposition v = vi + V2 given in definition ()4.2p . Then for any fc > 0, m > 0, 
and n > I, one has 



Proof. By Lemma [B?T1 one has 



< max v-''\d!y'+h 



< v^'' ^ax ^ la^a^+^wi 



ee[o,27r] 

The result follows from this and the fact that (1 — d)vi < v < [1 + 6)vi. □ 

Appendix C. A parabolic maximum principle for noncompact domains 

Parabolic maximum principles do not in general hold in noncompact domains 
without a growth restriction, even for the linear heat equation in Euclidean space. 
Here we extend Lemma 7.1 in [5], adding 6'-dependence and allowing exponential 
growth at infinity. This maximum principle is designed to apply to quantities 
{v~^d^dgvY in a time-dependent region {/^(t)^^ > c}. (See Remark [0^2] below. ) 

Proposition C.l. Given T >0 and a continuous function b{T), define 

n := {iy,e,T) e K X §1 X (0,T] : |y| > 6(r)}. 

Let 

D:=dr- (Aid^y + A^dl + 2A^dyd6 + A^de + A^ydy + B) 

he a differential operator with continuous coefficients in Q. 

(0) Suppose that Ai, A^, and B are uniformly bounded from above in 17, and 
the operator D is parabolic in the sense that A1A2 > and A1A2 > A^. 

(1) Suppose that u G C'^'^{Vl) H C''(f2) is a D- sub solution, namely that 

(C.l) [dr- Aidl- A2dl-2A:.,dyde- Aide- Ar,ydy- B)u<{) m n. 

(11) Suppose that u satisfies the parabolic boundary conditions 
(C.2) u{y, 0, 0) < if \y\ > b{0); u{y, 0, r) < if \y\ = b{T) and t <T. 

(ill) Suppose that in il, 
(C.3) \u\ < e'^y^ for some a > 0. 

Then u < in fl. 

Proof. Because B is bounded above, we may w.l.o.g. assume that B < 0. 
Otherwise, for C > sufficiently large, it suffices to prove the result for u := e~'~''^u, 
which satisfies {dr - Aid^ - Aa^^ - 2A3dyde - A^de ~ A^ydy - {B - C))u < 0. 

For 0<7< 1/4 to be chosen, define 

hiy,r) := (To - r)- 1/2,7.^ (To-.)- ^ 
where To < T is also to be chosen below, such that < Tq < 7/a. For e > 0, define 
w(y, 9, t) := u{y, 9, r) - e[h{y, r) + t]. 
Let Ti := ^Tq. We claim that w < for r e [0,Ti]. To prove the claim, 

— 1/2 

note that -,0) < —sTq < and w{y,0,r) — > — oo as \y\ — > oo, uniformly for 
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T e [0, Ti]. So if the claim is false, there is a first time r g (0, Ti] and a point {y, 9) 
with \y\ > fe(r), where = 6*, r) = maxo<r'<r •, r'). At (y, 6*, r), one has 

(C.4) 0<dru- e{drh + 1) < -e {{dr - A^d^ - A5ydy)h - B{h + T) + l} . 

But 

{dr - A^dl - A^ydy)h = ^^j^-^ {l - 47^1 + 27y' 

By condition (o), one can choose < 7 < {AAi)~^. Then choose Tq small enough 
so that ^5 < (1 — 'i'yAi)Tf^^. These choices ensure that (dr — Aidy — A^ydy)h > 0, 
whence inequality (jC.4l) implies that < — e, because we are assuming B < 0. This 
contradiction proves the claim. 

Now letting e \ shows that u < for t G [OjTi]. The theorem follows by 
repeating this argument on successive time intervals, [Ti, min{2ri, T}], etc. □ 

Remark C.2. In our applications, we only need to verify conditions (i)-(iii), 
i.e. ()C.l[) - (jC.3|) . in Proposition IC.H along with an upper bound for B. Indeed, 
parabolicity and an upper bound for Ai follow easily from definition ()2.8|) . Con- 
dition [Ca] bounds a from above. Condition [CO] implies upper bounds for v~^. 
Hence condition (o) will always be satisfied by the operators in (|2.5p and (|3.4p . 



1 - 47^1 



-A, 



Appendix D. Estimates of higher-order derivatives 

Recall that we defined Vm,n,k in equation p.ip and Em,n,n,i in definition p.7p . 
In this section, we estimate the nonlinear commutators ( "error terms" ) 

5 \ 

Vm.n^ndOady 




that appear in the evolution equations satisfied by the Lyaponuv functionals rim,n 
considered in Section |6] and defined in equation (|6.ip . We treat the cases that 
3 < m + n < 5 here, because the corresponding quantities were estimated for 
m + n = 2 in the proofs of Lemmas I6.1H6.3I in Section 16.11 In the proofs in this 
Appendix, we use the fact that Assumptions [COi]-[Cli] allow us to assume that 
estimates ()4.4 p - (|4.6p of Theorem |4?2] hold globally. 

Notation: For brevity, we suppress irrelevant coefficients in this section, writ- 
ing ~ to denote an equality that holds up to computable and uniformly bounded 
constant coefficients. For example, 

(a + bf ~ + a6 + 6^ < a2 + . 

Lemma D.l. // the first-order inequalities (|4.4p - (|4.6p and Conditions [C2]-[C3] 
hold, then there exist constants < C < 00 and p = p{Ti) > 0, with \ as 

S — > 00, such that for all m + n = 3 with n > 1, one has 



Proof. Wc provide a detailed proof for i?2.i- 

It is easy to see that |(-E2,i.i,0i ''^2,i.i)cr| S f3^^2,i- In the rest of the proof, we 
will frequently use estimates (|6.2p - (|6.6p . namely 



\dyFe\<pi, v-^\dgFe\<pi 
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and 



|9^J^d</3' + IKo,o)| + 1(^^2,1,1)1 </3, 
v-^\dydeF,\ <I3^ + |(«2,i,i)| + |(«i,2,2)| < 
v-'\d'eFi\ <p^ + |(«i,2,2)| + IK3,3)I < 
which hold under the hypotheses in place here. Direct computation establishes that 
(£'2,1,1,1, w2,i,i)<T ^ {v^^dydeFi, (w2,i,i)(w2,o,o)>(t 

+ {d^Fu {V2.1,lf)a + {v-^dydgFi, (l'3,0,0)(v2,l,l))a 

+ {dyFi, (w3,i,i)(w2,i,i))o- + {v'^deFi, (u4,o,o)(u2,i,i))<t 

+ {Fl, (W3,l,l)(w2,l,l)(wi,0,l) + (W2,l,l)^[('y2,0,0) + (Wl.0,l)^]>a-. 

Because we have stronger estimates for dydgFi than we do for dyFi, we transform 
the first inner product above via integration by parts in y, yielding 

(v'^d^deFi, (?;2,i,i)(w2,o,o))<T ^ {v'^dydeFi, (u3,i,i)(w2,o,o) + (w3,o,o)(«2,i,i)>o- 

+ {y-^dydeFi, (w2,i,i)(f2,o,o)[(wi,o,i) + S"^])<x, 

where the final term comes from (|6.7p . Because the measure of (§^ x M; d6'ady) is 
finite, it then follows easily from the hypotheses of the lemma that 

1(^^2,1,1,1, t'2,i,i>. I < P [/3'f^|,o + /3'f^|,i + + C/3^(f^2,i + ^^1,2). 

Integrating {v~^dydgF2, {v2.i,i){vo.2,2)}a by parts in 6, one obtains 

(-E2,l,l,2,'y2,l,l>(T ^{dyF2, (w2,2,2)(fO,2,2)><T 

+ {dyF2, (W2,l,l)[(w0,3,3) + (fO,2,2)(fO,l,2)])rT 

+ {v~^dydeF2, (w2,i,i)[(wi,2,2) + (wo,2,2)(i'i,o,i)])<t 

+ {dyF2, (W2,l,l)[(wi,3,3) + (wi,2,2)(wo,l,2) + (^0,3,3 ) (^1,0,1 )]) a 

+ {dyF2, (W2,l,l)(w0,2,2)[(wi,l,l) + (^1,0,1 ) ("0,1,2 )]) cr 

+ (v^^deF2, (W2,l,l)[(w2,2,2) + (wi,2,2)(fl,0,l)]>(T 

+ {v~'^dgF2, (V2,l,l)(l'0,2,2)[(w2,0,0) + (l'l,0,l)^]>cr 

+ (^2, (W2,l,l)[(wi,3,3)(wi,0,l) + (W2,l,l)(w0,l,2)^])cr 

+ {F2, (W2,l,l)(wi,2,2)[(wi,l,l) + (Wl,0,l)(w0,l,2)])cr 

+ {F2, (W2,l,l)(t'0,3,3)[(w2,0,0) + (^'l,0,l)^]><T 
+ (^2, (W2,1,1)(«2,0,0)(«0,2,2)(W0,1,2)>(T 

+ {F2, (t'2,l,l)(wo,2,2)[(wi,l,l)(wi,0,l) + (^'l,0,l)^(wO,l,2)])<T, 

which shows that 

1(^2,1,1,2, t'2,l,l>a| < P [P^^L + /3'f^?,3 + f^'^^il] + Cm2,l + ^1,2 + f^0,3). 

An similar computation, again integrating by parts in 0, proves that 



\{E2 



2,1,1,3, t'2,l,l>a| <P l3-'nl^+p-°nl^+l3^Vtl^ + C/3(r!2,l + f^l,2). 
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Integrating by parts in yet again, one calculates that 

(■E2,l,l,4>«2,l,l)<T - (f^y-p4, (W2,2,2)(W0,1,2) + (1^2, 1,1 ) [(^^0,2,2 ) + {vo.iaf])^ 

+ {v^^dydeF4, (w2,i,i)[('^i,i,i) + («i,o,i)(«oa,2)]><T 

+ {dyF4, (f2,l,l)[(^l,2,2) + (l'l,l,l)('f^l,0,l) + ('"0,2,2)(l'l,0,l)])<; 
+ {v~^d0F4, (W2,l,l)[('"2,l,l) + (l^2,0,o)(wO,l,2)])<T 

+ (ir^deF4, (w2,i,i)[(t'i,i,i)(^i,o,i) + (wi,o,i)^(wo,i,2)])<7 

+ {F4, (l'2,ia)('f^2,0,o)[(l'0,2,2) + {Vo,1.2f])o- 



+ {F4, (f2,l,l)(^^l,l,l)[(^'l,l,l) + (l^l,0,l)(^0,l,2)]>(T, 



yielding 



1(^2,1,1,4, 1^2,1,1)^1 <P/3^ [^^1,2 + ^^l,lj + C/3(r!2,l + f^l,2). 

Finally, one computes 

£'2,1,1,5 - (W2,0,0)(W0,1,2) + (wi,l,l)(ui.O,l) + (Wl,0, 1)^(^0,1,2), 

yielding 

1(^^2,1,1,5, 1^2,1,1)^1 < Pl3^i^ii- 

The estimate for i?2,i follows when one combines the estimates above. (Note that 

1 

in this case, the term n§ 4 is not needed.) 

The proof for £'1,2 is entirely analogous, except that it suffices here to integrate 
the leading term {v~^dydgFi, (wi,2,2)(i'2,o,o))(t by parts in 6. A typical subsequent 
term, also obtained by integrating by parts in 9, is 

(£l,2,2,2,Wl,2,2)cr ^{v^^dydeF2, (^1,3,3) (^0,2,2 )) 

+ {v~'^dydeF2, (Wl,2,2)[(«0,3,3) + (wO,2,2)(wo,1,2)])<t 
+ {v~^dgF2, (fl,2,2)[(l^l,2,2) + (i'0,2,2)(w1,0,i)])<t 
+ {dyF2, (ui,2,2)[(wo,4,4) + (wo,3,3)(wo,1,2)])<t 
+ {dyF2, (Wl,2,2)[(l'0,2,2)^ + (W0,2,2)(W0,1,2)^])<T 

+ {v^^deF2, (Wl,2,2)[(l'l,3,3) + (W1,2,2)(W0,1,2) + (^0,3,3) (^'1,0,1 )] ) cr 

+ {v~^dgF2, (wi,2,2)(wo,2,2)[(l'l,l,l) + (t'l,0,l)(wo,l,2)])(T 

+ (^2, (W0,4,4)(wi,2,2)(wi,0,l) + (l'l,2,2)^[(«0,2,2) + (wo,l,2)^])o- 

+ (-^2, (Wl,2,2)(w0,3,3)[(l'l,l,l) + (wi,0,l)(l'0,l,2)])(T 

+ (-^2, (Wl,2,2)(w0,2,2)[(l'l,l,l)(w0,l,2) + ("0,2, 2 ) (1^1,0,1 )]) (T • 

The weakest estimate for £'1,2 again comes from its final term, 

1(^1,2,2,5, "1,2,2)^1 < P/3'^^?,2- 

One estimates £0,3 in exactly the same fashion. We omit further details. □ 
Our final third-order quantity satisfies a slightly different estimate. 
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Lemma D.2. If the first- order inequalities ()4.4p - (j4.6p and Conditions [C2]-[C3] 
hold, then there exist constants < C < oo and p ~ > 0, with p{T,) \ as 

S — >■ c>o, such that 



i+j=3 



Proof. Note that £'3.0,0.0 = 0. Integrating by parts in y, one calculates that 

(£3,0,0,1, (W3,0,0))<T ^ {d^Fi, (U4,0,0)(W2,0,0) + (l'3,0,o)[(l'3,0,o) + H'"2,0,o)) a 
+ {dyFi, (W4,0,0)(W3,0,0))<T, 

where the factor comes from (16.71). Thus, 



|(£3,0,0,1, (w3,0,o)>fT| < P 



c/3n3,o. 



Again integrating by parts in y, one estimates the quantity 
(£3,0,0,3, (w3,o,o)>(T ^{d^Fs, (w4,o,o)(wi,i,i))(T 

+ {dyFs, (u3,o,o)[(w2,i,i) + (wi,i,i)(wi,o,i) + ^~'^{vi,l,l)])cr 

+ {9yF3, (W3,0,0)[(w3,l,l) + (w2,l,l)(t'l,0,l)]>(T 

+ {dyFs, (W3,0,0)[(W2,0,0) + {vifi.lf]{vi,l.l)) a- 

+ {F3, (l'3,l,l)(wi,0,l) + (W2,l,l)[(w2,0,0) + {Vl,0,lf])a 

+ (£3, [(W3,0,0) + (W2,0,0)(wi,0,l) + (wi,0,l)^]('yi,l,l))<T 

|(£3,0,0,3, («3,0,0)).| < P l^^^llo + P'^^il + l^'^^io] + CP (r!3,0 + ^2,l) ■ 



by 



The terms (£3,0,0,2, (w3,o,o))o- and (£3,0,0,4, (''^3,0, o))ct have similar expansions and 
obey similar bounds; we omit the details. The critical final term, 

(£3,0,0,5, (W3,0,0))(T ^ ((W2,0,0)(wi,0,l) + {vi,0,lf, (W3,0,0))<T, 

is estimated by 

|(£3,0,0,5,(t'3,0,0))a| < C/?^ f^|^of^ + p/ji r!|,o. 
1 i i 

(Note that we deal with the term C/3 2 g in the proof of Proposition lG.lOl ) □ 

The next three lemmas prepare us to estimate £„.„ for 4 < to + n < 5. 

Lemma D.3. If the first- order inequalities (j4.4p - (|4.6p and Conditions [C2]-[C3] 
hold, then one may estimate derivatives of p :~ dyV by 

\dyP\<f3i, v-'\dep\<l3i, 
Id^Pl < /3, v-'\dydgp\ < pi, v-^\dlp\ < pi, 



< 



)| for 3 < m + n < 4, 
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and of q :~ V ^dgv by 



v--\d;^d^q\ 


< /3 2 for 


1 < 


m + n 


<2, 






^ |Vm,,n+l,n+l| + 


/or m 


+ n = 3, 


\dU\ 






(^^4,o,o) 


1 +/35 


|(W3,1,1)| 


v-^\dldeq\ 


^ 1(^3,2,2)1 




(^'3,l,l) 


1 


|(W2,2,2)| ^^'^ 




^ 1(^2,3,3)1 




(W2,2,2) 


1 


|(W1,3,3)| 


v-''\dydlq\ 


^ 1(^1,4.4)1 




(^^1,3,3) 


1 


|(«0,4,4)|+/3^ 


v-^\dU\ 


^ 1(^0,5,5)1 




(W0,4,4) 


1 





Proof. The estimates for v are easy and are left to the reader. 

The estimates for w~"|9™9g(7| are obtained by computing and verifying ah 
fourteen cases directly. For example, one has 

V^'^dldjq ~ (^2,3,3) + (^'2,2,2)(l^0,l,2) + (Wl,3,3)(«l,0,l) 

+ (l'2,l,l)[(wo,2,2) + (l'0,l,2)^] + (Wl,2,2)[(l'l,l,l) + ("1,0, 1 ) ("0,1,2 )] 
+ ("0,3,3) [("2,0, 0) + ("1,0,1)^] + ("2,0,o)[("0,2,2)("0,l,2) + ("0,1,2)^] 
+ ("l,l,l)[("l,l,l)("0,l,2) + ("0,2,2)("l,0,l) + ("l,0,l)("0,l,2)^] 
+ ("l,0,l)^("0,l,2)^- 

The remaining calculations are similar and unenlightening, hence omitted. □ 

Our next results extend estimates (j6.2p - (j6.6p to higher derivatives |i9™9g i^^j. 

Lemma D.4. // the first-order inequalities (|4.4p - (|4.6[) and Conditions [C2]-[C3] 
hold, then third derivatives of the coefficients introduced in definition (j2.8p may 
he estimated by 

<l("4,o,o)| + |("3,i,i)|+/3*, 
and for m + n = 3 with n > 1, by 

"-"|a^ae"^>| < |(",„+i,„,„)| + |(",n,„+i,„+i)| + /3'. 

Proof. After a wee bit of calculus, one computes, for example, that 
\d'yFe\ < {\dyp\ + \dyq\f + {\dyp\ + 1 9, ? | ) ( 1 9,^? | + 19,^1) + Id^pl + \dlq\ 

and 

Id^deFel < {\dyp\ + \dyq\ f{\dgp\ + \deq\) + {\dyp\ + \dyq\){\dydep\ + \dydeq\) 
+ {\dep\ + \deq\){\d'yP\ + \d'yq\) + \d'ydep\ + Id^dgql 
and then applies Lemma ID. 31 The remaining inequalities are derived similarly. □ 
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Lemma D.5. If the first- order inequalities ()4.4p - (|4.6|) and Conditions [C2]-[C3] 
hold, then fourth derivatives of the coefficients Fi introduced in definition (|2.8|) may 
be estimated by 



v-^\dldeFt 



v-^\dydlFi 



< 


l('f^5,o,o)| H 


^ l(^4,l,l)| 


1 ^ 


I(w4,i,i)| H 


^ l(''^3,2,2)| 


< 


(^3,2,2) H 


h |(W2,3,3)| 


< 


l(''^2,3,3)| H 


h (^^1,4,4)1 


< 


(^1,4, 4) H 


h |(W0,5,5)| 



+ /3^IKo,o)|+/3^|(^^3,i,i)|+/3', 

+ /3^IKo,o)| +/3^|(W3,1,1)| +/3^|(W2,2,2)| +/3^, 
+ /3^|(w3,l,l)| +/3'|(W2,2,2)| +/3^|(fl,3,3)| +/3^, 



+ ^^1(^2,2,2)1 +/3*|(?^1,3,3)| +/3^IKo,o)| +^^, 



Proof. One proceeds as in Lemma [0.41 calculating, for example, that 
\d^ydeFe\<\dldgp\ + \dpgq\ 

+ {\d'yP\ + \d'yq\){\dep\ + \deq\) 

+ {\d^ydgp\ + \d^deq\){\dyp\ + \dyq\) 



+ {\dydgp\ + \dydeq\K\d'yP\ + \d'yq\ + + \dyq\') 

+ {\dlp\ + \dlq\){\dyp\\dgp\ + \dyq\\deq\) 
+ i\dyP\ + \dyq\)H\deP\ + \dgq\), 
and then applying Lemma [D.31 The other estimates are obtained in like fashion. □ 

We are now prepared to bound the "error terms" of orders four and five. 

As indicated in Section [6.31 our work below is considerably simplified because these 
estimates do not need to be sharp, and because they can use Proposition lG.lOl 



Lemma D. 6. If the first- order inequalities (|4.4p - (|4.6p . Conditions [C2]-[C3], and 
inequalities (|6.9p hold, then there exists < C < 00 such that for all m + n — A, 
one has 



I 4<i+i<5 



.i<i+j<5 



where r = ^ if n = and r = 2 otherwise. 



Proof. It is easy to see that \{Em,n,n,0,Vm,n,n)a\ < iStiflm.n- 

In the remainder of the proof, we write D^Fi to denote any sum of terms 
v~^dydgFe with i + j = k; and we write D'^v to denote any sum of terms Vij,j of 
total weight i + j ~ k. For example, D'^v ~ ('"2,0,0) + ("1,1,1) + (^^0,2,2)- 

For £ = 1,2,3, carefully adapting the proof of Lemma iD.ll to the case that 
m + n = 4 shows that after integration by partsj^ one obtains an estimate of the 



11t 



In contrast to the proof of Lemma lD.ll the choice of variable with which to integrate does 
not matter here unless n = 0, because our estimates do not need to be sharp. 
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following form, 

I I < {\D''F,l \D''v\ \DH\ + b„,„,„|(|i?S| + S-^)), 
+ (li^^F.I, \v,n,nA(\D''v\ + \D\\ \D\,\))^ 
+ {\D^Fil \v^.n,n\{\D'v\ + \D\\ \D\\ + \D\\^)), 
+ {\D^F,\, \v^.nA{\D''v\ + \D\\ \D\\ + \D^v\ \D\\)), 

Examination of the terms above using our hypotheses and Lemma ID. 41 shows that 
any terms which are quadratic in derivatives of orders four or five are multiplied by 
factors whose decay is at least of order /32. Any derivatives of orders four or five 
that do not occur in quadratic combinations appear with factors whose decay is at 
least of order where r = | if n = and r = 2 otherwise. A similar but simpler 

estimate holds for \{Ejn,n,nA,Vm,n.n)a\- 

For the critical final term, one uses estimate (|6.9p to see that 



1 

The result follows. □ 

Lemma D. 7. If the first-order inequalities (|4.4p - (14.61) . Conditions [C2]-[C3], and 
inequalities (j6.9p hold, then there exists < C < oo sueh that for all m-\-n ~ 5, 
one has 

\5<i+i<6 / \4<j+j<6 

Proof. It is clear that \{E jn,n,7i ,o,Vm,n,n)a\ < /3^ilr„,„. 

As in the proof of Lemma ID.6| we write D'^Fe to denote any sum of terms 

dydgFi with i + j = k; and we write D'^v to denote any sum of terms Vijj of 
total weight i + j = k. 

For i = 1,2, 3, adapting the proof of Lemma ID. II to the case that m. + n ~ 5 
shows that before integration by parts, one has 

\{Em.n,n,i,Vjn,n,n)a\ < {\F>^F(\, \Vm,n,n\\F>^ v\) a 

+ ilD^Fel \vr„,n.n\i\D\\ + \D'v\ \D\\)), 

+ {\D'Fel \v„,^n,n\i\D*v\ + \D'v\ \D'v\ + \D\,\'))^ 

+ {\D^Fe\, \v„,,n,n\{\D\\ + \Dh,\ \D\\ + \D\\ \D^v\)), 

+ {\D'Fel \v,„,n^n\i\D%\ + \D'v\ \D\\ + \D\\ \D'v\ + \D\f 

+ {\Vm,n,n\, {\D%\ \D^v\ + \D\\ \D\\ + \D\,\ \D\,\))„. 

Integrating by parts proves that the first inner product on the RHS above may be 
bounded by 

{\D^Fi\, \v^,n,n\\D\\)„ < {\D^F,\, \D%\ \D\\ + \v„.,u,n\{\DW + S-^)).. 
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Integrating by parts is also necessary to show that the third inner product on the 
RHS above may be bounded by 

{\D'Fe\, \Vr,.n,n\i\D^v\ + \D\\ \D'v\ + \D^v\^)), 

< {\D^Fel \D%\i\D*v\ + \D\,\ \D'v\ + \D\\^))^ 

+ {\D'F,l \v^,r.,n\i\Dh,\ + \DM \D'v\ + \D^v\ \D^v\)), 

+ {\D^Fil \v^,n.n\i\DM + iD'^vl \D\\ + \D\\^)^-i)^. 

Examination of all the terms above using our hypotheses and Lemmas ID.4IID.5l 
proves that any terms that are quadratic in derivatives of orders four, five, or six 
are multiplied by factors whose decay is at least of order fS^ , Any derivatives of 
orders five or six not occuring in quadratic combinations appear with factors whose 
decay is at least of order /3~ . (Derivatives of order four only occur in quadratic 
combinations.) A similar but simpler estimate holds for |(-E'm,n.n,4, ^^m.r^,I^)(T|■ 
For the critical final term, one uses estimate (|6.9p to see that 

\{E^,n.n,5,Vn..n,n)a\ ^ {\v^,n.n\, ID^^I \D^v\ + \D^v\{\D^v\ + \D\\^)), 

+ (brn,„,„|, \D\\i\D^v\ \D'v\ + \D'vf) + \D'v\')^ 

\i<i+j<5 

The result follows. □ 
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